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Abstract

Lane changes are known to be risky maneuvers both for autonomous vehicles and human
drivers since they require changes in longitudinal and lateral velocities in the presence of
other moving vehicles. In this paper, we propose a benchmark modeling a cooperative lane
change maneuver that involves four fully autonomous vehicles; three in the left lane and
one in the right. The vehicle driving in the right lane aims to move to the left lane while
avoiding a collision with the other vehicles. Each vehicle is equipped with sensors and can
also communicate with its neighboring vehicles. The vehicle dynamics are described by a
dynamic bicycle model and each vehicle is equipped with a linear low-level controller that
regulates its own longitudinal and lateral behavior. To guarantee that the maneuver is
safe and the traffic rules are enforced, we employ a cooperative driving control scheme (in
the spirit of supervisory logic) that decides the actions of each vehicle.

1 Introduction

The area of autonomous vehicles has attracted major research interest both from academia
and industry [7]. By 2040, it is expected that autonomous vehicles will be the most common
means of transportation [26]. An autonomous vehicle can take over the driving duties and has
a big potential to reduce accidents caused by human errors, which account for 90% of the total
accidents [27]. In this respect, automated driving is expected to entail safety and comfort as
well as restrict accidents, crashes, and congestion [34]. However, the safe operation of vehicles
in a dynamic environment must be guaranteed.

A particularly critical scenario concerns lane change maneuvers [3]. This maneuver is con-
sidered challenging as it involves changes in longitudinal and lateral speed and movement in
the presence of other moving vehicles [3]. According to the National Highway Traffic Safety
Administration, the main cause of lane change accidents is failure to detect the other vehicle
and almost 80% of the accidents occur at speeds smaller than 25km/h [14].
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Figure 1: Lane Change Maneuver - Car in the right lane merging to the left lane.

The main components of a modern autonomous vehicle are localization, perception, and
control [22]. The literature on vehicle path planning and control is rich, see the volumes [21,
30, 19, 5] and references therein. Control design of autonomous vehicles has been treated, e.g.
in [8, 24]. Different vehicle models for autonomous driving are presented in [22, 2]. Efficient
trajectory planning with obstacle avoidance is a fundamental task for autonomous vehicles. The
approaches can be divided into (i) planning in discrete space and (ii) planning in continuous
space [27, 26]. Very recently, an open source tool SPOT [23] was proposed to compute the future
occupancy of multiple traffic participants on arbitrary road networks. A set of composable
benchmarks for motion planning on roads can be found at [2].

Lane changes maneuvers can be divided on the basis of the existence of road infrastruc-
ture [18] and of a reference trajectory [28]. Predefined trajectories are known as motion prim-
itives [9]. Motion primitives are computed offline and can be used to construct maneuver
automata. Construction of formally verified maneuver automata using reachability analysis
is investigated in [1, 16]. Examples of control designs tailored to lane change maneuvers are
tube-based MPC [11] and convex interpolation control [32]. As for metrics required to validate
the suitability of a lane change maneuver, one can employ the time to collision, time headway,
time to line crossing, or the inter-vehicle traffic gap [28, 13, 33].

In this paper, we propose a benchmark modeling a cooperative lane change maneuver that
involves four autonomous cars; one in the right lane and three in the left lane. The vehicle in the
right lane wants to make a lane change and moving behind the second vehicle and ahead of the
third one. In the spirit of [28], the maneuver should be undertaken while (i) maintaining safety
margins with all the surrounding vehicles, (ii) respecting the traffic rules, and (iii) satisfying
the physical and design limitations.

2 System Description

In this section, we present the lane change scenario, the system specifications, the modeling
part, and the control design.
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This benchmark presents a lane change maneuver involving four autonomous vehicles (see
Figure 1). We consider that there are three vehicles in the left lane that have already formed
a platoon and they move with the same speed. The desired speed is assumed to be predefined
and is an external (constant) input to our system. We also assume that the maneuver has
already been requested, e.g. by a higher layer (road infrastructure) or due to an emergency
(obstacle avoidance). The vehicle in the right lane has to change its lane and merge to the left
one. We consider that the vehicle should move in between two specific vehicles, i.e. tail (no.
1) and interior (no. 2). This maneuver can be seen as an automated merging maneuver [25],
i.e. how to insert a vehicle from on-ramp in the middle between two pre-selected vehicles of a
platoon in the main lane.

The lane change maneuver consists of two phases. The first phase is the preparation of
the maneuver and the second is the maneuver itself. Once the maneuver is completed, the
platooning formation should be achieved. In other words, the desired inter-vehicle distances
and speeds should be reached.

We assume that the vehicles are equipped with orientation, position, and velocity sensors;
thus, all the state variables can be measured. Also, the vehicles can communicate their longi-
tudinal position and speed with their neighboring vehicles.

2.1 Specifications

The specs that the vehicle platoon should satisfy are taken from [28, 15]. Each vehicle should

1. maintain safety margins with all the surrounding vehicles,

2. respect the traffic rules, and

3. satisfy physical and design limitations.

More precisely, these specifications can be expressed as

1a. the distance of two neighboring vehicles should never be smaller than a given threshold1,

1b. the vehicles of the platoon should maintain a constant time gap (tgap) between each other;
this gap is analogous to their speed,

2a. the maneuver should only be initiated if the time gap (also known as time-to-
collision [35])2 is greater than a given value (tgap m),

2b. eventually (once the maneuver is finished) the vehicles should form a platoon and the
velocity of all vehicles should reach ||vdes ± ε||, where ε is a user-defined metric,

3a. the cars cannot exceed the practical velocity bounds, e.g. vmin ≤ v ≤ vmax, and

3b. the control inputs are bounded, i.e. αmin ≤ αx ≤ αmax and δmin ≤ δ ≤ δmax.

Note that these time gaps will be used for the control design part. In addition, we consider a
desired platoon speed vdes and a constant time gap tgap. As a result, the distance between two
vehicles in the platoon should not be smaller than vdes · tgap. During the lane change, the time
gap that the merging vehicle should respect is tgap m < tgap. The numerical values of these
parameters are given in Table 4. These requirements can be encoded as reachability/safety
problems, e.g. using the monitors of [10].

1By vehicle distance, we assume the difference between the longitudinal positions of two vehicles with respect
to the center of gravity in their rear axles.

2Time-to-collision (TTC) corresponds to the time required for two vehicles to collide if they continue at
their present speed and on the same path.
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Figure 2: Bicycle Model - Physical Interpretation [20]

2.2 Vehicle Dynamics

For vehicle dynamics, there exists a large variety of models ranging from simpler to more
complicated. Typically, the more complicated the model is, the more accurately it captures
the physical behavior of the vehicle [31]. Among others, one could select from point-mass,
kinematic, dynamic, and multi-body models, see e.g. [2]. In the literature of autonomous
vehicles, dynamic and kinematic bicycle models are commonly used [22]. Unlike kinematic
models, dynamic bicycle models consider the tire slip. Note that the standard bicycle model is
also known as single-track model [31]. As for tire models, there are various alternatives from
linear to nonlinear ones [29].

In this benchmark, we consider a dynamic bicycle model with a linear tire model. The
selection of a dynamic model is made as the tire slip describes important phenomena, e.g. un-
dersteering. At the same time, the model is assumed linear to avoid computational complexity.
The bicycle model that we consider is shown in Figure 2.

Similar to [31, Chapter 2], the state vector contains

• the longitudinal position of the rear axle xr,

• the lateral position of the rear axle yr,

• the yaw angle ψ,

• the longitudinal velocity vx,

• the lateral velocity at the center of the rear axle vy,

• the yaw rate ω.

The model inputs are the longitudinal acceleration ax and the steering angle δ. The state vector
is completely measured and we model additive measurement noise in all state dimensions.
The disturbances are defined as three normalized forces, with the error force edfx acting in

longitudinal direction, edfy,f
acting in lateral direction at the front axle and edfy,r

acting in
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Table 1: Parameters for bicycle model

Description Symbol Value

wheelbase (m) L 2.7
gravitational constant (m/s2) g 9.81
friction coefficient µ 0.8
distance from front wheels to center of gravity a

(
1− b

L

)
· L

ratio of mass to rotational inertia (m2/ s2) Iz/m 1.57
relative position of center of gravity b/L 0.57
relative front tire stiffness cf -10.8
relative rear tire stiffness cr -17.8

lateral direction at the rear axle. In vector form, the state vector is expressed as

x = [xr, yr, ψ, vx, vy, ω]T state wrt. rear axle (1)

u = [ax, δ]
T input, measured (2)

y = [xr, yr, ψ, vx, vy, ω]T measurement (3)

ν = [emxr
, emyr , e

m
ψ , e

m
vx , e

m
vy , e

m
ω ]T meas. err. (4)

w = [edfx , e
d
fy,f

, edfy,r
]T disturbance (5)

Starting from first-principles, as shown in [31], the differential equations of the dynamic bicycle
model are defined:

fB(x, u) =



ẋ1 = x4 cos(x3)− x5 sin(x3)
ẋ2 = x4 sin(x3) + x5 cos(x3)
ẋ3 = x6
ẋ4 = u1 + x5x6 + w1

ẋ5 = fy,f (x, u, w) + fy,r(x,w)− x4x6
ẋ6 = amJ (fy,f (x, u, w))− bmJ (fy,r(x,w))

with the normalized front and rear lateral forces fy,f (x, u), fy,r(x) given as

fy,f (x, u) = −cfµg
b

a+ b

(
x5 + (a+ b) · x6

x4
− u2

)
+ w2

fy,r(x) = −crµg
a

a+ b

x5
x4

+ w3.

Note that we assume a global coordinate system and the variables are described in absolute
coordinates. The state of the system is often expressed in different coordinates [16], e.g. using
a polar-coordinate representation of the vehicle velocity, which is defined by the slip-angle

β = arctan(vy/vx) and the absolute velocity vabs =
√
v2x + v2y, with the direction of motion

θ = ψ + β.

The model parameters that we opt for are taken from [15] and are provided in Table 1.
More details about the parameter estimation and identification can be found at [4].
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Table 2: Maximum values of measurement errors

ν1 : emxr
[m] ν2 : emyr [m] ν3 : emψ [◦] ν4 : emvx [m/s] ν5 : emvy [m/s] ν6 : emω [◦/s]

0.04 0.04 1 0.05 0.05 2

Table 3: Maximum values of disturbances

w1 : edfx [m/s2] w2 : edfy,f
[m/s2] w3 : edfy,r

[m/s2]

0.1 0.057 0.043

The nonlinear model is linearized around a set of operating points using standard point-
wise linearization, e.g. [17]. For linearization purposes, we consider xop = [0, 70/3.6, 0, 0, 0, 0].
Finally, we obtain the state-space representation

ẋ = A · x+B · u+Bd · w
y = C · x+ v

(6)

where A ≈


0 0 0 1.0000 0 0
0 0 19.4444 0 1.0000 0
0 0 0 0 0 1.0000
0 0 0 0 0 0
0 0 0 0 −5.5739 −17.5748
0 0 0 0 1.1909 −6.7936

 , B ≈


0 0
0 0
0 0

1.0000 0
0 48.3123
0 35.7265

 ,

Bd ≈


0 0 0
0 0 0
0 0 0

1.0000 0 0
0 1.0000 1.0000
0 0.7395 −0.9803

 and C =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 .

The maximum disturbances and maximum measurement errors are taken from [15] and are
given in Tables 2 and 3. Note that the values of the A and B matrices that we present here are
rounded. For the computations, we use the double-precision values that can be found at the
associated MATLAB files. We opt for a linear model for computational reasons; such a model
is amenable to efficient reachability algorithms for PWA dynamics.

2.3 Low-level Control

The objective of the low controller of each vehicle is to regulate its position and velocity in
accordance with the behavior of the other vehicles. At the same time, the lane change maneuver
should be safe. Once the maneuver is completed, the vehicle platoon should maintain the
predefined vehicle speed vdes. The control scheme is shown in Figure 3.

As all the vehicles are described by the same physical model, we use the same low-level
controller for all vehicles. In particular, we utilize a linear controller

u = −K · y = −K · (x+ v)
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Figure 3: Low-level control loop - C(i) is the controller, S(i) is the sensor module and P (i) is
the plant of the ith vehicle.

that renders the closed-loop system asymptotically stable. Opting for an LQR (Linear
Quadratic Regulation) controller with weighting matrices

Q =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1/180 0 0 0
0 0 0 5 0 0
0 0 0 0 5 0
0 0 0 0 0 5/180

 , R =

[
1 0
0 180/π

]
, and N = 06,2,

we numerically solve the continuous Algebraic Ricatti Equation with MATLAB and obtain our
state-feedback matrix

K =

[
1.0000 0 0 2.6458 0 0

0 0.1321 1.6970 0 0.0457 0.2829

]
.

Checking the eigenvalues of A − BK matrix have Re(eig(A − BK)) < 0, we validate that the
system is indeed stable.

2.4 Supervisory Control

The next step is to define the references (set points) xref for the controller of each vehicle. We
employ a consensus-based cooperation scheme where the set points of each vehicle are defined
by the states of its neighboring vehicles. As such, the controllers are expressed by

u = −K(y − xref ) = −K(x− xref + v) where (7)

xref = [xr,ref , yr,ref , ψref , vx,ref , vy,ref , ωref ].

Note that the length of a lane is assumed to be 3.5 meters. The control inputs are bounded.
In particular, the acceleration remains in the range

−3 ≤ u1 ≤ 2.

For the steering angle, we consider that

−π/4 ≤ u2 ≤ π/4.

However, the reference values are different for each vehicle.
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Leader Vehicle. For the leader vehicle in the left lane (no. 3, pink in figures), we select

v
(3)
x,ref = max

(
vdes, v

(2)
x

)
x
(3)
r,ref = max

(
x(3)r , x(2)r + tgap · v(2)x

)
y
(3)
r,ref = 0, ψ

(3)
ref = 0, v

(3)
y,ref = 0, and ω

(3)
ref = 0.

(8)

In essence, the leader vehicle should maintain the desired platoon velocity or accelerate when
the vehicle behind it starts accelerating. Accordingly, the reference position is defined.

Rear Vehicle. For the vehicle at the tail of the platoon in the left lane (no. 1, red in figures),
we select

v
(1)
x,ref = min

(
v(2)x , v(4)x

)
x
(1)
r,ref = min

(
x(2)r − tgap · v(2)x , x(4)r − tgap · v(4)x

)
y
(1)
r,ref = 0, ψ

(1)
ref = 0, v

(1)
y,ref = 0, and ω

(1)
ref = 0.

(9)

That means that the rear vehicle should maintain the smaller speed between the merging vehicle
(no. 4) and the vehicle in front of it (no. 2) to avoid any crashes.

Interior Vehicle. For the vehicle in the middle of the platoon in the left lane (no. 2, yellow
in figures), we select

v
(2)
x,ref = v(3)x

x
(2)
r,ref = max

(
x
(2)
r − tgap · v(2)x + max(x

(1)
r + tgap · v(1)x , x

(4)
r + tgap · v(4)x )

2
, x(2)r − tgap · v(2)x

)
y
(2)
r,ref = 0, ψ

(2)
ref = 0, v

(2)
y,ref = 0, and ω

(2)
ref = 0. (10)

That means that this vehicle should accelerate if there is not enough space for the merging
vehicle to do the lane change. At the same time, it should respect the velocity speed of the
leading vehicle.

Merging vehicle. For the vehicle in the right lane (no. 4, green in figures), which is doing
the maneuver, we consider two phases. The first one is the pre-processing/preparation step
where the vehicle needs to check if and when it is feasible to do the maneuver. In essence, the
vehicle needs to regulate its velocity with respect to the platoon velocity (while guaranteeing
that there is enough space margin). For that case, we choose

v
(4)
x,ref = v(2)x

x
(4)
r,ref = max

(
x(2)r − tgap · v(2)x ,

x
(2)
r − tgap · v(2)x + x

(1)
r + tgap · v(1)x

2

)
y
(4)
r,ref = 0, ψ

(4)
ref = 0, v

(4)
y,ref = 0, and ω

(4)
ref = 0.

(11)
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Figure 4: Schematic of lane change maneuver - 2 phases of merging vehicle movement

Table 4: Parameters for control design

Description Symbol Value

minimum velocity (km/h) vmin 0
maximum velocity (km/h) vmax 150
minimum acceleration (m/s2) αmin -3
maximum acceleration (m/s2) αmax 2
minimum steering angle (rad) δmin −π/4
maximum steering angle (rad) δmax π/4
desired platoon vehicle (km/h) vdes 70
time gap (sec.) tgap 1.5
minimum time gap (sec.) tgap m 1
constant gap (m) gap 70

3.6 ∗ 1.5

In the second phase, the vehicle starts the merging maneuver. This practically means that its
lateral position should change. To do so, the lateral position reference yr,ref should be modified.

v
(4)
x,ref = v(2)x

x
(4)
r,ref = max

(
x(2)r − tgap · v(2)x ,

x
(2)
r − tgap · v(2)x + x

(1)
r + tgap · v(1)x

2

)
y
(4)
r,ref = 3.5, ψ

(4)
ref = 0, v

(4)
y,ref = 0, and ω

(4)
ref = 0.

(12)

The condition that should be valid to initiate a safe lane change (transition from phase 1 to 2)
is

φ12 := {x(4)r < x(2)r − tgap m · v(2)x and x(4)r > x(1)r + tgap m · v(1)x }. (13)

The switching logic can be visualized in Figure 4. The parameter values and initial conditions
used for simulation purposes are shown in Tables 4 and 5 respectively.

3 Simulation Results

The simulation results for the specified scenario are depicted in Figure 5. The 2D images have
been constructed using the plot and patch commands of MATLAB. Figure 6 shows the position
of the vehicle doing the lane change and the evolution of all vehicles velocity over time. For
the 3D images, we have used Unity game engine [6]. After setting up the scenario in Unity,
we simulate the lane change maneuver and get a 3D video [12]. Figure 7 illustrates the main
instances of the maneuver and it is obtained through Unity image capture.
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Table 5: Initial conditions of each vehicle

Vehicle i x
(i)
1 (0) x

(i)
2 (0) x

(i)
3 (0) x

(i)
4 (0) x

(i)
5 (0) x

(i)
6 (0)

Rear 1 0 3.5 0 vdes 0 0
Interior 2 gap 3.5 0 vdes 0 0
Leader 3 2 ∗ gap 3.5 0 vdes 0 0
Merging 4 2 ∗ gap 0 0 vdes/2 0 0

(a) Initial Phase (before maneuver) (b) Maneuver initiated

(c) Maneuver just completed (d) Maneuver finished and platoon stabilized

Figure 5: Graphical illustration of a lane change maneuver - Simulation results with MATLAB
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(a) Evolution of maneuvering vehicle position (b) Evolution of vehicles velocities over time

Figure 6: Graphical illustration of a lane change maneuver - Simulation results with MATLAB

(a) Initial Phase (before maneuver) (b) Maneuver has begun

(c) Maneuver - in progress (d) Maneuver finished and platoon stabilized

Figure 7: Graphical illustration of a lane change maneuver - Simulation results with Unity

4 Outlook

Autonomous vehicles have stimulated both industrial and academic interest, and have induced
major advances in several research areas, such as perception, sensing, control theory, verifi-
cation, and testing. Verification efforts have been directed towards the validation of vehicle
modules and subsystems, such as cruise control and lane-keeping.
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The current model can serve as a basis for lane change maneuvers of autonomous vehicles
tailored for automated verification tools. It is not very complicated but still realistic and
expressive. Disturbances and measurement noise increase the computational efforts during
analysis with standard simulation tools. The benchmark can be extended in several directions.
Different controllers and vehicle models could be straightforwardly used and analysed.
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