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Abstract

Weakly analytic sets for function algebra is studied by Arenson in (Arenson). Here,
we study the concept of weakly analytic sets for Cartesian product of function algebras.
We express the weakly analytic sets for Cartesian product of function algebra in terms
of that for factor algebras.

1 Weakly analytic sets

The concept of weakly analytic sets for a function algebra was introduced by Arenson (Arenson).
The weakly analytic property is stronger than antisymmetry. The decomposition given by maximal
antisymmetric sets for the Cartesian product is obtained in (Mehta and Mehta). The weakly analytic
sets induces a decomposition which is finer than the Bishop decomposition. Here, we have obtained
weakly analytic sets for the Cartesian product of function algebras in terms of factor algebras.

Let X be a compact, Hausdorff space and C(X) be the Banach algebra of complex valued
continuous functions on X . A complex function algebra is a closed subalgebra of C(X), which
contains constants and separates the points of X .

Examples 1.1
1. Trivially, C(X), where X isacompact, Hausdorff space is a function algebraon X .
2. Let D={zeC:|z|<1}. Then, A(D) the set of all functions continuous on D and analytic

in the interior of D is a function algebraon D, known as the Disc algebra.
3. Let D,={zeC:|z|<1}, D,={zeC:|z-2<1} and D =D, uD,. Also, let
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A={f eC(D): f isanalyticin D°}, where D° denote interior of D . Then, A is a function

algebraon D.
We start with some basic concepts related to the Cartesian product of function algebras.

Let X and Y are two compact, Hausdorff topological spaces with topologies 7z, and z,
respectively. Then, the disjoint union X UY is a compact, Hausdorff topological space with the sum
topology 7 defined as 7={G < X UY:GNnX e7,,GNY ez} (Shah). We denote this topological

space by X +Y . Also, the mapping T : C(X)xC(Y) - C(X +Y) defined by T((f,g)) =h where
f(w), if weX;
h(w) = :
gw), ifweY
is an algebra isomorphism from C(X)xC(Y) on to C(X +Y), where C(X)xC(Y) is Cartesian
product of C(X) and C(Y) definedas C(X)xC(Y)={(f,g): f €eC(X),geC(Y)}.

If A isa function algebra on X, B is a function algebra on Y , then AxB is a function algebra
on X +Y with maximum norm defined as || h||=max{]| f |,|| g |} for h=(f,g) € AxB (Patel).

Remark 1.2 For a closed subset E < X +Y , we can easily verify that (AxB). = Ag x, xBg.y,),
where A denotes the uniform closure of the restriction algebra A. in C(F) for a closed subset F
of X . Also, if Ec X (respectively E cY) then (AxB). = A. (respectively (AxB). =B.).

We need the definition of peak sets and weak peak sets for a function algebra which are required
for our main result. Now onwards, A and B will denote function algebras on X and Y
respectively.

Definition 1.3 A nonempty subset S of X is called a peak set for A if here exists f € A such

that fig =1 and | f(y)|<1forall ye X\S. The function f is called a peaking function on S . The
set S is called a weak peak set for A if it is an intersection of some collection of peak sets.

For peak sets we know that
1. If S(respectivelyT) is a peak set for A(respectivelyB), then S(respectivelyT) is a peak set

for AxB. Hence, SUT s a peak set for AxB.
2. If S is a peak set for AxB, then SN X and SNY are peak sets for A and B
respectively.

Above results also remain valid if we replace “peak set" by “weak peak set".
Next, we recall the definition of weakly analytic sets.

Definition 1.4 (Arenson) A closed subset E of X is called a weakly analytic set for A, if every
peak set S for A, either coincides with E or it is nowhere dense in E .

Equivalently, E is a weakly analytic set for A if E=SUT , where S is a peak set for A. and
T isaclosed setin E , theneither S=E or T = E.

A is called weakly analytic algebra if X is a weakly analytic set for A. Following result is
known for weakly analytic sets.
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Proposition 1.5 (Arenson)
1. Each weakly analytic set for A is contained in a maximal weakly analytic set for A .
2. Each weakly analytic set is antisymmetric.

We denote the set of all maximal weakly analytic sets for A by W(A). Now, we will determine
weakly analytic sets for some function algebras.

Example 1.6 The function algebra A(D) is a weakly analytic algebra can be checked easily.

Example 1.7 Let D=D,uD,, where D, ={zeC:z-1|<1} and D, ={zeC:|z+1|<1}. Let
A= A(D), the set of all functinons in C(D) which are analytic in the interior of D . Then A is a
function algebraon D [3]. It can be checked that W(A) ={D,,D,}.

Example 1.8 Let D be the set as in the Example 1.7. Let X be the quotient space of D by
identifying the points -1 and 0 ; 1 and 2 and q:D— X be the quotient map. Also,

A={f eC(X): foqis analytic in the interior of D} . Then, A is a function algebra on X.

W(A) ={q(D,),q(D,)}. We can see that q(D,) is a peak set for A but q(D,) is not a peak set for

A.
Remarks 1.9
1. Unlike maximal antisymmetric sets, maximal weakly analytic sets for A need not be disjoint
as we will see in Example 1.7, D, and D, are maximal weakly weakly sets for A, but

DD, #¢.
2. Also, maximal weakly analytic sets need not be weak peak sets as we can see in Example
1.8.

2 Weakly analytic sets for Cartesian product of function
algebra

Now, we prove the relation between weakly analytic sets for AxB and that for A and B .

Theorem 2.1 If E < X (respectivelyE < Y) is a weakly analytic set for A(respectivelyB) , then
E is a weakly analytic set for AxB.
Proof. Let E be a weakly analytic set for A and S be a peak set for (AxB).. Then S is a peak

setfor A..So, S=E or S isnowhere densein E. So, E isa weakly analytic set for AxB.

Similarly, if EcY is weakly analytic set for B, then E is a weakly analytic set for AxB.

Theorem 2.2 If E is a weakly analytic set for AxB, then either E < X or E <Y . Further, if
E < X(respectivelyE —Y), then E is a weakly analytic set for A(respectivelyB) .

Proof. Let E be a weakly analytic set for AxB. Now, E=(EnX)U(EnY) and EnX is a
peak set for (AxB). as X is a peak set for AxB and E is a closed setin X +Y (Browder). Also,

ENY is a closed subset of E. So, E=EnX or EZENY as E is a weakly analytic set for
AxB.So, EcX or EcCY.
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Now suppose, E< X, and S be a peak set for A.. Then, S is a peak sets for (AxB). . So,
E =S or S isnowhere dense in E . Hence, E isaweakly analytic set for A.

Similarly, if EcY then E isa weakly analytic set for B .

Theorem 2.3 W(AxB) ={E: E e W(A)}{F : F e W(B)}

Proof. Let Ee W(AxB). Then, Ec X or EcY by Theorem 2.2. Suppose, E < X, then by
Theorem 2.2 E is a weakly analytic set for A. If E g W(A), then there exists F < X which is
weakly analytic set for A and E C F . But, then F is a weakly analytic set for AxB by Theorem
2.1, which contradicts the maximality of E in AxB. So, E e W(A).

Similarly, if EcCY , then E e W(B).

Conversely, if E<W(A) or E e W(B) then E e W(AxB) by similar arguments.

3 Examples

Example 3.1
Let X ={zeC:|z-3|<1} and A={f eC(X): f is analytic in the interior of X}. Also,

letY ={zeC:|z+3|<1} and B={f e C(Y): f is analytic in the interior of Y }.
Then, W(A)= X, W(B) =Y and W(AxB) ={X,Y}. Here, A and B are weakly analytic but
Ax B is not weakly analytic.

Example 3.2
Let X =D,uD, where D, ={zeC:z-2|<1}, D,={zeC:z-4|<1}, Let X' be the
quotient space obtained from X by identifying the points 2 and 3; 4 and 5 and g,: X —> X' be

the quotient map. Let Y ={zeC:|z|< %}.

Also, let A={f eC(X"): foq, is analytic in the interior of X}

and B={f C(Y): f is analytic in the interior of Y}.

Then, W(A) ={q,(D,),q,(D,)}, W(B) =Y . Hence, A is not weakly analytic but B is weakly
analytic. Also, P(AxB) ={q,(D,),q,(D,),Y}. So, AxB is not weakly analytic.

Example 3.3 Let X=D,uD, and Y=D,uD, , where D ={zeC:z-2[<1} ,
D,={zeC:|z-4|<1}, D,={zeC:|z+2|<1} and D, ={zC:|z+4[<1}.
A={f eC(X): f is analytic in the interior of X} and
B={f eC(Y): f is analytic in the interior of Y} . Then, W(A) ={D,,D,}, W(B) ={D,,D,}
and W(AxB)={D,,D,,D,,D,}.

Remark 3.4 In Examples 3.1, 3.2 and 3.3 we can observe that AxB is never weakly analytic.
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