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ABSTRACT: In this article, we investigate the impact of vaccination and personal protection on the
dynamical transmission of avian influenza A (H7N9) within a human community. We propose a math-
ematical model for the dynamical transmission of AI which integrates the key epidemiological and
biological features of Al such as vaccine efficacy and the efficiency of personal protection. We provide
a theoretical study of the model. We derive the basic reproduction number R, which determines the
extinction and persistence of the disease. We show that the disease-free equilibrium is globally asymp-
totically stable whenever Ry < 1, while when Ry > 1, the disease-free equilibrium is unstable and there
exists an endemic equilibrium point which is locally or globally (depending on the case) asymptotically
stable on a positively invariant region of the positive orthant. The sensitivity analysis of the model has
been performed in order to determine the impact of related parameters on outbreak severity. Theo-
retical results are supported by numerical simulations, which further demonstrate that some proposed
control strategies will not lead to disease eradication, however, if we only employ vaccination, it will
require slightly longer to eradicate the disease than applying a combination of pharmaceutical (vacci-
nation) and non-pharmaceutical (personal protection) control methods. In conclusion, it is important
to adopt a combination of control methods to fight an avian influenza outbreak.

KEYWORDS: Avian influenza, Mathematical models, Sensitivity analysis, Stability, Personal
protection, Vaccination.

1. Introduction

In general, the avian influenza virus does not infect humans. Influenza viruses are widespread
and due to their high mutation rate there are many subtypes. In addition, H5N1, H7N4,
H7N7, H7N9, HON2 viruses and other avian influenza viruses with pathogenicity represent
a significant potential threat to humans. In particular, the H7N9 subtype virus is mainly
transmitted through the respiratory tract. Infected poultry and their secretions, feces and
water contaminated with the virus are the main sources of transmission of avian influenza.
In February 2013, 3 people were infected for the first time and as of May 31, 132 cases
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have been found, including 37 deaths, and the death rate even reaches 30%. [1, 2, 3, 8].
At present, humans infected with avian influenza A (H7N9) are still sporadic and he has
yet to find the capacity for the virus to spread among humans. Sporadic infections al-
most affect poultry mainly in farms, live poultry markets, wet markets and other areas
[9, 10, 11, 12, 13]. In humans, the bird flu virus causes symptoms similar to those of other
types of flu. These include fever, cough, sore throat, muscle pain, conjunctivitis and, in
extreme cases, severe breathing problems and pneumonia which can be fatal [4, 5]. The
incubation period of a human infected with the H7N9 influenza virus is about seven days
and there are currently drugs available to combat this virus. Although these antiviral drugs
are clinically effective against H7N9 avian influenza, mortality from avian influenza H7N9
is still very high. Normally, the H7N9 virus is not thought to have a strong capacity for
efficient human to-human propagation, but it were two cases of family aggregation. In
such circumstances, it is important to study what may be the best policies available for the
prevention and control of transmission avian influenza A (H7N9).

Instead of culling the poultry, control strategies that may control and prevent the spread
of avian influenza out to be taken into consideration. Thus, several types of mathematical
models have been studied. Nuno et al [14] analysed a model to examine the role of
hospital and community control measures, antiviral drugs and vaccination in combating
a potential flu pandemic in a population. Gumel considered the dynamics of a two strain
influenza model and conclude that the influenza-related burden in humans increased as
the mutation rate increased. Liu et al [15, 16] and Zhang et al [17] modeled the spread
of avian influenza H7N9 using both semilinear and half-saturation incidence rate. Chong
et al [39] and Liu et al [34] considered saturation incidence rate to investigate the effect
on transmission dynamics of avian influenza were both established. Chong et al [39]
examined the effect of phamaceutical and non pharmaceutical control strategies whereas
Liu et al[34] considered the psychological effect on humans in reponse to the outbreaks of
avian influenza (H5N1). Recently, Lee et al [40] modeled the transmission dynamics and
control strategies assessment of avian influenza A (H5N6) in the Philippines.

In the present study, motivated by the works of [39, 40], we built an extension of
the mathematical model done by [18] by taking into account two control strategies: The
personal protection by humans since there are several potential modes of avian influenza
transmission such as the consumption of raw or undercooked infected poultry products,
contact with oral/nasal mucous membrane or conjunctiva (for example, through swim-
ming or bathing in a contaminated pond/pool), inhalation of contaminated dust or fine wa-
ter droplets and human-to-human transmission [7]. Although the exact mode of human-
to-human transmission remains unclear, there is reason to believe that unprotected contact
with an infected person, respiratory secretions, body fluids or waste poses a higher risk for
transmission, especially for health-care workers (HCWs) who are first responders [7, 3].
To reduce the mortality and infection rate of avian influenza, the general public especially,
health-care workers and workers and employers who are involved in poultry agriculture
or have frequent contact with wild birds is advised to follow trict guidelines for personal
protection. For example, one should take precautions for hygiene, using gloves, masks and
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other protective gear [3]. Controlling and diminishing the spread of avian influenza is a
challenging task, as the disease is very infectious and able to mutate into highly pathogenic
strains [21]. Consequently, vaccination of poultry or humans as a tool to manage, prevent
or eradicate the disease has been recommended by the United Nations [6]. The resulted
model is deeply analyzed both theoretically and computationally. From the analytical per-
spectives, we established the threshold dynamic of the system and transcritical bifurcation
using Lyapunov-LaSalle, Poincaré-Bendixson techniques and center manifold approxima-
tion, respectively.

The paper is organized as follows. After the formulation of the model in Section 2, we
present its quantitative and qualitative analysis in Section 3. Section 4 deals with sensi-
tivity analysis of the model. Section 5 presents a model analysis with personal protection
only. Theoretical results are illustrated by numerical simulations in Section 6. The last
section is devoted to concluding remarks on how our work fits in the literature and on
possible extensions.

2. Model formulation

The dynamics of Avian Influenza (Al) is governed by the following set of biological as-
sumptions: (i) the vaccine confer a total immunity to all vaccine recipients; (ii) vaccinated
poultry whose vaccination has failed may be infected with the virus. We consider seven
distinct populations, according to their disease status: susceptible poultry S, (poultry who
are susceptible to the disease), vaccinated poultry V, (healthy poultry who have been vac-
cinated acquiring immunity), Infectious poultry I, (infected poultry who show the symp-
toms of the infection), susceptible humans S),, latent humans F, (healthy humans who
carry Al virus and are infectious), infectious humans [, , and the concentration of virus C'
into the farms environment. Thus, the total poultry and humans population respectively
N,(t) and N,(t) at time ¢ is

Ny(t) = Sp(t) + Vp(t) + I,(t) and Nu(t) = Su(t) + En(t) + In(t). (1)

Poultry and human are recruited respectively at constant rate A, and A,. A mass vaccina-
tion programme may be initiated whenever there is an increase of the risk of an epidemic.
The introduction of a vaccine in a poultry population living in an endemic situation is not
considered. We suppose that a fraction 0 < 7w < 1 of the entire susceptible poultry is being
continuously vaccinated. Thus, the population of vaccinated poultry is increased by the
vaccination of susceptible poultry at constant rate 7.

Most of the theory about disease evolution is based on the assumption that the host pop-
ulation is homogeneous. Poultry hosts, however, may differ and they may constitute very
different habitats. In particular, some habitats may provide more resources or be more vul-
nerable to virus exploitation [56]. The use of models with imperfect vaccines can describe
better this type of poultry heterogeneity. The vaccination may reduce but not completely
eliminate susceptibility to infection. For this reason, we consider a factor v as the vaccine
efficacy. When v = 1, the vaccine is perfect while, when v = 0, the vaccine has no effect at

ENTERPRISE, RESEARCH AND DEVELOPMENT FORUM (EREDEF-2020) 3



all. The value 1—v can be understood as the inefficacy level of the vaccine. Since, a major-
ity of the available vaccines for the human population does not produce 100% success in
the disease battle [57, 53, 52, 51], we suppose that the available vaccines for the poultry
population does not produce 100% success. Usually, the vaccines are imperfect, which
means that a minor percentage of cases, in spite of vaccination, are infected [57, 53]. The
susceptible and vaccinated poutry population are decreased due to the Al infection at rates
AS, and (1 — v)AV,, respectively where ) is the force of infection given by

I C
L+ 8

)\: ) )
BHPJFIP H,+C

(2)

f3, is the transmission coefficient, such that j,/, measures the infection force of the infec-
tive poultry, H, is the half-saturation constant, that is, the density of infected individuals in
the population that yields 50% possibility of contracting avian influenza. In the latter satu-
rated incidence function, 3, is the transmission coefficient such that (5. > f,); 1/(H. + C)
represents saturation due to the cleaning of the farm when the concentration of excretion
becomes larger; H, is the concentration of V. avian viruses attached to aerosol particles in
the farm which 50% chance of catching the infection. In fact the transmission potential of
the later is higher because they can freely establish contacts with susceptible individuals
since they may not be aware of their disease status. The population of infected poultry is
increased by the infection of susceptible and vaccinated poultry at rates A\S, and (1—v)AV,,
respectively, and is diminished by natural death at constant rate ¢, and Al induced poul-
try mortality at constant rate x,. The infected poultry infect the farm at constant rate ¢
and the natural death rate of virus (or shedding éate) is &. The susceptfsl?le humans are de-
h h
Tpm and (1 CQ)Tem
7. is the transmission coefficient of this disease respectively from poultry and pathogenic
or infectious environment to humans; Here, 0 < ¢ < 1 is the fraction of population that
has adopted personal protection and 0 < ¢ < 1 is the efficiency of personal protection. For
¢ = 1, all the people in a particular community employ personal protection, whereas ¢ = 0
means there is no one practicing personal protection. Further, the value ¢ = 1 shows that
the efficiency of personal protection is 100%. Hence, the values of ¢ and ¢ are reciprocal
to the rate of avian influenza transmission [58]. The population of latent humSans is in-
h h

Tp—th 1, and (1— cq)re—Heh —C and
is diminished by natural death at constant rate §, and recover (moving to the susceptible
class S,) at rate a. The population of infectious (moving to the infectious class I},) is in-
creased by latent who develop the disease at rate ¢ and is diminished by recovery from the
disease (moving to the susceptible class S;,) at constant rates -, natural death and spillover
induced humans mortality at constant rates ¢, and puy,, respectively.

A schematic model flowchart is depicted in Figure 1.

From this, the Al transmission model is described by the following system of nonlinear

creased due to the spillover at rates (1 —cq) ; where 7, and

creased by the infection of susceptible at rate (1 —cq)
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Figure 1: Structure of the model: S,—V,—I1,—S,—E,—I1,—C; A\ = ﬁ”H T, ﬁeHe ek
ordinary differential equations
(Db _ 1A, — 5,4+ 1)S,,
At m
dV,
EL =y =[5+ (1= AV,
dl,
at [S + (1 _V)Vz>]>‘_ (5p+ﬂp)lp=
dSh Shl Sy C
=A E I, — (1 — P (1- A —
o n+aE, + I, — ( cq)Tpth s (1 —cq), T 40 OnSh, (3)
dEh Sh h
= _ (1= 1— — 0 E
dt ( Cq)Tth_'_I +( CQ)TeHeh“—C (a’+ h+€) h
dl
/Hh = eE, — (v + pn + 0n) I,
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where ) is the infection force defined in Equation (2). Which is the combination of the
poultry system (4) and the human system (5).

(dS.
d_tp =(1- 7T)Ap - (513 + /\)Sp,
dV,
d—tpzﬂl\p—wp—!—(l—y))\]%,
I 4)
d_tp:[Sp"‘(l_’/)vp])‘_((sp“"ﬂp)[p»
dC
x %—gb]p—{c.
( dSh Sh[ ShC
— =A E I, — (1 — P (1- -9
d% nta h_’_';}; ( cq)Tpth_l_[p ( Q)TeHeh+C wSh,
h nlp h
— = (1- BRSNS S 1— - F 5
o = CQ>Tpth+[p+( cq)TeH€h+C (a+ 6+ €)Ep, (5)
dl
d—chEEh—(Y—i-Mh—i—(Sh)]h.

Table 1 summarizes the model variables and parameters.

3. Mathematical analysis

3.1. Basic properties

Herein, we study the basic properties of the solutions of model system (3), which are
essential in the proofs of stability results. We have the following result.

Theorem 1 Model system (3) is a dynamical system on the biologically feasible compact
domain:

Q = {(Sp, Vp, Ip, Sh, Ep, In, C) € RY /S, + V, + I, < My 5 Sp+ Ep+ 1, < My ; C < Ms}.

M

¢ C<O)}

M, = max{&;Np(O)} . My = max{&;Nh(O)} . M= max{
3y on
Proof. The proof is provided in two steps.
Step 1: We show that the solution variables (S, V}, I,,, Sp, Ep, I, C') of model system
(3) corresponding to initial conditions such that S,(0) > 0,V,(0) > 0, ,(0) > 0,S,(0) >
0, E,(0) > 0, 1,(0) > 0 and C'(0) > 0 are non-negative. Define

ty = sup{t > 0/Vu € [0;t[ Sp(u) > 0, V,(u) > 0,I,(u) > 0,S,(u) > 0, E,(u) > 0,I(u) > 0,C(0) > 0}.
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The initial conditions above and the continuity of the functions S,.,V),I,, Sy, Ex, I, C
ensure the existence of ¢;. If t; = +oo then, all solutions of model system (3) are
positive. Suppose t; < oo (¢; finite), then there is at least one solution component
Sp, Vi, Iy, Sh, En, I, C which is equal to zero at value ¢; (from the definition of ¢; as a
supremum).

Suppose for example that S, (¢;) = 0 and let consider the fourth equation of model system

(3):

s, S, S,C
=A E I, — (1 —c 1-— - .
g n+aBEn + I, — ( )Tth—i—I ( CQ)TeHeh~I—C’ OnSh
I, C
Let \(t) = (1 — 1-— _—
€ 1() ( )Tth+[ +( CQ)TEH€h+C

We know that for all ¢ € [0,¢1], Ay + aEy(t) + v1,(t) > 0. It follows that

dSy

- + (A (t) + dp) Sp > 0.

Therefore

jt[sh( )exp{éhtJrfOt Al(t)dsH = Sult )exp{(sht+f0 ds}

+Sn(t) (A1 (t) + On) exp{5ht + f; Al(s)ds}

= exp{5ht + [y Al(s)ds} x (Sh(t) + (0n + Al(t))Sh(t)> >0,

cﬂs’l( )eXp{fsh” /Ot M(s)ds}]z 0.

Integrating the above inequality from O to ¢; gives

/Otl jt [sh( )exp{aht + /Ot/\(s)dstt >0,

Si(th) exp{&htl + /Otl Al(s)ds}—Sh(O) >0

that is,

or equivalently

This yields
t1
Sp(t1) > Sk(0) exp{ — opty — / Al(s)d3}> 0,
0

which is in contradiction with S(¢;) = 0.
The other cases V,(t1) = 0, I,(t1) =0, Si(t:) =0, En(t1) =0, I(t;) = 0and C(t;) = 0,
lead to the same contradiction.
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Hence, S,(t) > 0, V,(t) > 0, I,(t) >0, Su(t) >0, En(t) >0, I(t) >0and C(t) >0 Vi >
0.

Step 2: We prove that the total population of poultry and humans at time ¢, N,(t)
and N, (t) satisfies the boundedness property 0 < N,(t) < M;,0 < N,(t) < Ms,; we also
prove that the concentration of virus satisfies the boundedness property 0 < C(t) < Mj.
We point out that this bound represents the unique equilibrium of the dynamics of the
total population in the ideal situation where there is no ongoing infection. By adding the
equations of model system (3), one obtains the conservation laws:

dN,

d_tp =Np = 0pNp — piplpy < Ap — 0,1,
dN

d_th = Ay — 0, Ny — pupdy, < Aj, — 6, N),.

The application of the Gronwall inequality yields

M) < 54 (M0 - 32 e,
p
(6)
Nu(t) < %+<Nh(0) _ %)e‘sht, Vi > 0.
h

Knowing from (6) that J, is bounded, we have

dc acC

- = — < —£C.
a oI, —EC = a = oM, — £C
Once more, application of Gronwall inequality gives
M M
C(t)§¢£1+(0(0)—¢£1>eft, vt > 0.

By comparaison principle, we have the result.

Combining Step 1 and Step 2, Theorem 1 follows from the classical theory of dynami-
cal systems. This concludes the proof. m Theorem 1 ensures that the model is well posed
since its state variables are positive and the size of the total population does not growth
exponentially and is bounded by a value which represents the size of the total population
in the ideal situation where there is no infection within the community.

3.2. The DFE and its stability

The DFE for an epidemiological model is an equilibrium such that the disease is absent in
the community. Thus, if Q° = (S), V), I}, S}, E}, I, C°) is the DFE of model system (3),
then I} = E}) = I} = C° = 0. As a consequence of model system (3), S), V;) and S}, being

solutions of the equations:

(1—m)Ay — 8,80 =0, A, —5,VO =0, Ay— 5,50 =0. 7
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which has the unique solution:

(1—mA,

A
6, 7

0 _ ——_
Sp— 5p, h 5h.

(8)
In order to investigate the stability properties of the DFE Q°, we need to compute the
reproduction/threshold number R, of model system (3). To this end, we apply the method
in Van den Driessche and Watmough [36], with (I, E}, I;,C) and (S,,V,, S,) being the
infected and uninfected classes, respectively. We point out that the noninfected classes are
the classes of individuals who cannot carry the virus in their body, while the infected classes
are the classes of individuals who carry the virus in their body. Using the notations in [36],
the matrices F and V, for the new infection and the remaining transfer are respectively,
given by

[Sp + (1 =v)V,] A

Op + tip) 1,
Tl 7.C (0 p)dp
_ (1—061)5;;[ - - ] B (a+ 0y + €)E),
- ot (J)r o M@ and V= —€Ly + (v + pn + 0n) I
0 61, + £C
The Jacobian matrices of 7 and V at the DFE are respectively:
on_ | F O on_ |V O
D]—"(Q)—[O 0} and DV(Q)—{VIV2 :
Where - 5 5 -
Fi [SO+ (1 =)V 0 0 F (S0 + (1= v)VY]
o (1 —cq)AnTp 00 (1 — cq)AnTe
H,16p H.p,0p, ’
0 0 00
K 000 |
Sy +pp O 0 0
V— 0 (a+dp+e€) 0 0
10 —€ (")/ + un + (Sh) 0
—¢ 0 0 3

Then, the reproduction number R, of model system (3) is the spectral radius of the next
generation matrix £’V !, that is

(BoHE + BeHyo) [S0+ (1 — v)V7]

_ -1\ _
Ro=p(EVT) = HerS((Sp + Up)

%)

Theorem 2 The DFE Q° is locally asymptotically stable in Q if Ry < 1 and unstable if Ry > 1.
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Proof. The eigenvalues of a Jacobian matrix of the vector field described by (3) at Q°, are
the roots of the caracteristic equations

A+ 0n) A+ (a+0n+€) AN+ (v + pn + 0)) =0, (10a)
A2 4 2X6, + 62 = 0, (10b)
NN | €+ 6+ 11y — 5” [SO +(1-v)V ]} +E(Op+hp) — [iﬁ + i[ﬂ [Sh+ (1 —=v)V)] =0.

(100)
The roots A1, A2, A3 and \4 of the quadratic equation (10b) and (10c) respectively satisfies:

)\1,2 = _5107
Mt dy = == (0, + )+ m[§)<1—wvﬂ
B Bed [ +(1— V)VO}
= (&p+1p)(Ro—1) =&~ H.E(5, + 1) )
)\3 X )\4 = g(ép + [Lp) — |:€.;€ + %¢:| [S;? + (1 — V)V;)O} = g((sp + Mp)(l — Ro)

Hence, all the roots of (10a), (10b) and (10¢) have negative real part whenever Ry < 1.
Thus The DFE Q° of system (3) is locally asymptotically stable in Q when R, < 1, but
unstable when Ry > 1. m

The biological implication of Theorem 2 is that, a sufficiently small flow of infected
individuals will not generate an outbreak of the disease unless R, > 1. For a better control
of the disease, the global asymptotic stability (G AS) of the DFE is needed. We use a result
of Kamgang and Sallet [59] for the global stability of the DFE for a class of epidemiological
models. Following Kamgang and Sallet [59], we write model system (3) in the following
form:

d

—l];l = A1<.T)(IE1 — 33'(1)) + A12( )1‘2,

G = Ael) .
dt = A2\T )T,

where z; € R? is the vector whose components are the number of poultry and humans
susceptible individuals including vaccinated poultry and z, € R’ denoting (its compo-
nents) the number of poultry and humans infected individuals including latent, infectious
individuals and concentration of aerosol. = = (z1,22)", 27 = (Sp,V,?, S}) is the nonzero
component of the DFE.

(Hﬁv—i_]) Sg 0 0 (HB:_ C) S}(D)
_5p ) X ( )ﬁv Py/0 (1_V)ﬁe ex 0
M@= |00 b 0 el = | SRR 00 e
0 0 = _(1 cq)Tpthso 0 _(1—Cq)TeHehS
(Hpn + 1,)* ™" (Hop +C)2 0
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[ B, [Sp + (1 = v)V,] BeHe [Sp+ (1 = v)Vy] ]
i+ el 0 ! (H, + )
Ag(l’) = %Sh —(a+€+5h) 0 %Sh
0 € — (v + g+ On) 0
_ 6 0 0 ¢

If model system (3) satisfies the conditions H; — Hj in [59], then the following result
holds.

Theorem 3 The fixed point Q° = (29,0) is a globally asymptotically stable equilibrium of
model system (3) provided that Ry < 1 and the conditions H, — Hj in [59] are satisfied.

Proof. The result of the Kamgang-Sallet approach [59] uses the algebraic structure of
model system (11), namely the fact that A,(z) and A,(z) are Metzler matrices. Since in
the said approach, the matrix A,(z) is required to be irreducible, we further restrict the

domain of the system to
D:{(Zﬁl,l’g) EQ,Il#O}. (12)

The set D is positively invariant because only the initial point of any trajectory can have
x1 = 0 (see Theorem 1). Indeed, from the first, second and fourth equations of model sys-
tem (3), one has S, > 0,V, and S, > 0 whenever S, = 0,V, = 0 and S, = 0, respectively.
Thus,

Ay(x) is Metzler and irreducible for all x € D. (13)
The sub-system:
ML (e, )~ )
a 1\ 21, UL — ),
can be expressed as
dS,
&2 — (1-m)A, = 4,5,
f—; = 7A, — 8,V (14)
h — I
W = Ah 5hSh'
Resolving the above equations (14) yields
(1 =mA, o (1—mA, —pt _ o Ty —pt
Sp(t) = 5, +145, 5 e~ V,(t) = 5, +1V, 5, e ', (15a)
Si(t) = A +48) — A e ont, (15b)
on On
Taking the limit of Equations, (15a) and (15b) when ¢ — +oc yields
. Y _ (1 =m)A, . A,
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Therefore, 29 = (S),V;, S}) is a GAS equilibrium of the reduced system (14) on the sub-
domain {x € D, x5 = 0}. Then, the hypothesis H, is satisfied.

The result of Kamgang and Sallet (see [59, Theorem 4.3] ) gives the GAS of the DFE of
a dissipative system of the form (11) which satisfies (13) and (16) provided there exists a

matrix A,(z) with the following additional properties:

AQ(QZ) SZQ, Z'EID),
if Ay(T) = A, for some z = (7,,72)" € D then 7, = 0, a7
Oé(AQ) S 0
: Sp S5 % Ve S S5V Sp Sh
Using the fact that 72t < 7 rine < # trror < 72 wrop < 7 34 g ine <
Sp
i one has
[ B, [SO 4 (1 —v)V? 1S+ (1—v
ke o
— 1 —cq)T, (1 —cq)Te
Ay(z) = 8= ) go (atetd 0 L= )Te 6o
th h ( h) Heh h
0 € —(v+ pn + ) 0
L ¢ 0 0 —£

The equality A,(z) = A, is possible only when I, = C' = 0, which implies that z, = 0.
Therefore, the first and second conditions in (17) hold. Note that A, is a Metzler matrix
which satisfies the stability condition of Kamgang and Sallet [59].

From the above condition of A,, one can observe that there is a maximum which is
uniquely realised in D at Q° and this maximum is then the block of the jocobian of model
system (11) at Q°, corresponding to the matrix A,(x), and the condition H, is satisfied.

Now, we check the condition Hs. Note that the condition a(A4;) < 0 implies that A, is a
stable Metzler matrix. We show in Appendix A that the condition a(A;) < 0 is equivalent
to Ro <1.

We can now apply [59, Theorem 4.3] and conclude that the disease-free equilibrium
(29,0) is GAS in D. From (12), for the points of D where z, = 0, the disease-free equilib-
rium is GASon {). m

3.3. Endemic equilibrium and its stability

Herein, we compute the endemic equilibrium and study its stability. To this end, we first
rewrite poultry system (4) in the following compact form:
dx(t
U0 1y g Age(t) - AT Difeda(t),
dy(t)

= Ayt + AL Klelx(t)),

(18)
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where, z(t) = (Sp(1), V, ()", y(t) = (L(1),C[)", T1 = ((
(1,0)Y, Dy = (0,1)T, e = (1,0), e = (0,1 —v)), k= (

y Be
Hy+1,H +C)’

A, = —0p 0 and A — —(0p+ 1) 0
0 =9 Y

Let Q* = (2*,y*) be the positive endemic equilibrium of model system (18). This steady
state with y* > 0 is obtained by setting the right-hand side of Eq. (18) to zero, giving:

Ty + Ayr* — X 37 Di(ei|a*) =0,

Ay + N0 Klei]zt) =0, (19
where \* is the force of infection at the endemic equilibrium, given by
' = (B*|y"). (20)
Multiplying the second equation of (18) by —A, " gives
2
yr= ) eia) (= Ak = N[5+ (1= )V (=4, Mk (21)

i=1

A simple calculation gives Y27 | D;{e;|*) = (Sp, (1 —v)V;)". With this in mind, the first
Equation of (19) becomes

2
0 =T+ A2 =Ny Diferfa®) = Tyt Az =X (S5, (1-0)V;)" = T~ (A B~ A,)a", (22)

i=1
where

1 0

Bm:[ } and /\*Bx—Am:[)\*Jrép 0 ]
0 1—v

0 (1 —=v)A\*+9,

Solving Equation (22) gives

ot = (\'B, — A,) T, (23)
where . ( )
. B 1=v)N*+0, + ¢ o5
A B, — Aac b= P ’
( = | o v
and
X(A) = (L= )N + (2 = v)6,A" + 62, (24)

We stress that the coefficients of the quadratic polynomial x(\*) are non-negative. As a
consequence, x(\*) is positive for any positive value of \*.
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From Equation (23), one has

*_<1—7T>Ap B . . A, ..
S, = —X()\*) (1 —v)N 46, V)= O A" +9,]. (25)
Also, from Equation (21), one gets
A* ON*
I = S* 1-v)V¥, "= —~~F—— |5 1—-v)V* 26
p 5p+/’bp[p+( V) pi|’ £<5p+up)[p+( y) p}’ ( )
where A
* _ * 4 _ * _
S, + (1 =v)V) D) (1= )N 4+ (1 —7v)d,|. (27)

Now, from the expression of the force of infection at the endemic equilibrium (20), using
Equation (21) yields
Xo= (Bry) =M [Ss + (1= )V (BY(—AYk),

= X5+ 0-0%] [ |

(Hy + 1) (0 + 1) | E(Ho + C7) (0 + 1)

which gives

(28)

S;+<1_V)‘/g;* |: 51}6 + Be¢ :| 1
§(0p + pp) (Hp“‘];) (He +C*) -

Then, using the expression of I, C*, S¥ 4 (1 — v)V;* given in Equations (26)—(27) and

8 [Sp+ (1= )V)] = Ap(1 — 7w), (29)
one has
Ap [(1 = )X + (1 = 7)8y] [Bu&(He + C) + Bed(Hy + I)] = E(Sp+11p) X (N) (Hy+ 1) (HAC™)

0 = X(A*)Qﬁf((sp‘i_ﬂp)[g’;z
+ IXOV) (0p + pp)§(Hpp + He&) — Ay [BudS + Bep€] [(1 — v)N* + (1 — 7v)d,]] I
+Herf2X(>\*)(5p +pp) — Ay [He (.6 + HpBe0¢] (1 — v)A" + (1 — wv)dy]

= GE[(1 = AP N +2(1 — v)A20£0,(1 — T )N + GEA2G2N*?

+Ap§(1 = v)x(A)(6p + pp) (Hpd + Hef))‘*Q + Ap&pX (N*)(6p + p1p) (Hpp + H A
— (1 = V)AL [Bu + B AP — A2(1 = v)(1 — 71)5, [Bo@S + Begp] A**
_Ag(l - V)(;p [ﬁvgbf + 6e¢§] )‘*2 - A;2;5;27(1 - 7Ty) [ngbg + ﬁegbf] A*
+X2()‘*)(5p + Np)2§2HpHe - Ap(l - V)X(Xk)@p + /~LP> [Heﬁvfz + Hpﬁegég] A*
—ApXx(N)(1 = 7v)0,(0p + 4p) [H.B.E" + H,B.0] .

It can be shown that the nonzero equilibria of model system (3) satisfy the following
equation in term A\*:

as(N)* 4+ as(N)? + aa(X)* + a1 A" + ao = 0, (30)
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where,

as = ¢€[(1—v)A%,

a; = 2(1—v)A205, — (1 — v)A) [Boo€ + Beoe]

ay = GEA252 + ApE(1 — V)X (V) (S + pp) (Hypop + HeE) — A2(1 — ) (1 — 70)5, [Bo b€ + Beé]
—A2(1 = v)6, [Bo€ + Bedt] + HyHE2(1 — v)X(A*) (0 + 1),

ar = Ap&opX(N*)(0p + ) (Hpo + HE) — A§5§(1 — V) [Bu @€ + ]
_Ap(l - V)X()‘*>(5p + ,up) [Heﬁv§2 + Hpﬁe¢§] + X()‘*)[—]12]_16517(2 - V)§2<5p + Mp)Qa
ag = X*(N)(0p + )2 HyHe — Apx(N) (1 — 7v)0,(6p + 1) [HeBu€® + Hpfe]
= HpHe€2512;X()‘*)(6p + MP)Q (1 - RO) :

Thus, positive endemic vector (Sy, V¥, Iy, C*) are obtained by solving for A* from the equa-
tion (30) and substituting the result (positive values of \*) into the expressions of the
variables of model system (3) at the steady state. Clearly, a, is positive or negative de-
pending whether R, is less than or greater than unity, respectively. Thus, the number
of possible real roots of the polynomial (30) depends on the signs of a4, as,as, a; and
ap. This can be analysed using the Descarte’s Rule of Signs on the polynomial f(\*) =
a4()\*)4 + Clg()\*)3 + CLQ(/\*>2 + al)\* + ap.
We also have in the human system (5)
Ah On Apma 7725h

S;=N;,—E, —I") I;]=———N;, L= —N;; (31D
g " h g Hh Hh 4 h Hh€ HUre h

where
M =a+0,+€, n2 ="+ 0+ fin.

Ny is given by

. Ay [ (g + az) + as(a + € + 0p)]
aj(1 4 agdy, + asdp) + azdp(a + € + dp)
where I c
7, 7.C* 2 2
( Cq) th 4 [; H,, + C* o2 m Qs L€ (33)

Notice that it is not difficult to show that N} < A,/d,. Thus, the existence of a positive
endemic vector (S, Ej, I};).
The various possibilities for the roots of Equation (30) and (32) are summarized in the
following lemma.
Lemma 1 Model system (3) could have:
(1) a unique endemic equilibrium if Ry > 1,
(ii) one or more than one endemic equilibrium if Ry > 1,
(iii) more endemic equilibria if Ry < 1,

(iv) no endemic equilibria if Ry < 1.
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The proof of case (i) of Lemma 1 is straightforward and evident. Case (iii) of Lemma 1
indicates the possibility of a backward bifurcation in model system (3) (where the locally
asymptotically stable DFE co-exists with a locally asymptotically stable endemic equilib-
rium when Ry < 1).

Lemma 1 and Theorem 2 establish that Ry = 1 is a bifurcation parameter. In fact,
across Ry = 1 the disease-free equilibrium, Q° changes its stability property from local
stability to unstable (see Theorem 2). In the next result, the Centre Manifold Theory as
described by [50, Theorem 4.1] is used to investigate the appearance of the transcritical
bifurcation at Ry = 1 where the stable disease-free equilibrium Q° becomes unstable when
R, crosses 1 from below and gives rise to the stable endemic equilibrium @Q*. We have the
following Theorem.

Theorem 4 The ODE system (3) has a transcritical forward bifurcation at Ry = 1.

The Proof is stated in Appendix B.

Remark 1 The application of [50, Theorem 4.1] to prove Theorem 4, also establish the local
asymptotic stability of QQ*, but this result applies only for small values of Ry > 1.

3.4. Impact of the poultry vaccination

Herein, we study the effect of the vaccination on model system (3). To do so, let us
consider the control technique of constant vaccination of susceptible poultry. Suppose that
at time ¢ = 0, a proportion 7 of susceptible poultry is vaccinated with an imperfect vaccine.
The basic reproduction number of model system (3) without vaccination (i.e. 7 = 0) is

A (ﬁvHeg + BeH ¢)
RIP = 2 P (34)
’ H.Hp0,€(6p + 1)
With this mind, one has
Ro = (1—7mv)RE. (35)

Observe that Ry < R{’. The constraint R, < 1 defines implicitly a critical vaccination
proportion 7 > 7¢ that must achieved for disease eradication:

1 1

wczz{l—n—gp}, (36)
Since vaccination entails costs, to choose the smallest coverage that achieves eradication
would be the best option. In this way, the entire population does not need to be vaccinated
in order to eradicate the disease (this is the herd immunity phenomenon). Vaccinating
at the critical level 7¢ does not instantly lead to disease eradication. Thus, from a public
health perspective, 7¢ acts as a lower bound on what should be achieved, with higher
levels of vaccination leading to a more rapid elimination of the disease. However, a critical
vaccination portion 7 > x° is necessary but not sufficient. Thus, to better control the
infection, the sufficiently for the eradication of the disease within the community. Note
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that the constraint Ry < 1 defines also implicitly a critical vaccine efficacy v > v° that
must be achieved for eradication of the infection:
1 1

Vc:;|:1—R—gp:|, (37)
It is practically difficult to find the critical value of the vaccine efficacy »¢ in an heteroge-
neous population because it may depend on the conditions of manufacturing and conser-
vation of the vaccine as well as the immune depressive status of every vaccinated individus
in the host population. Also, a high efficacy vaccine leads to a lower vaccination coverage
to eradicate the disease.

4. Sensitivity analysis

4.1. Local sensitivity analysis of R,

The local sensitivity analysis is based on the normalized sensitivity index of R,. The nor-
malized forward sensitivity index of a variable to a parameter is the number of the relative
change in the variable to the relative change in the parameter. Since the basic reproduction
number is a differentiable function of the parameters, the sensitivity index may alterna-
tively be defined using partial derivatives [43]. To this aim, denoting by ¢ the generic
parameter of system (2), we evaluate the normalized sensitivity index

. d 8R0

Ry 0@

which indicates how sensitive R is to a change of parameter ®. A positive (resp. nega-
tive) index indicates that an increase in the parameter value results in an increase (resp.
decrease) in the R, value.

Considering the parameter values in Table 7, we tabulate the indexes of the remaining
parameters in Table 2.

From Table 2, we can observe that the parameters 3,, 5., A, and ¢ respectively have a
positive influence in the value of Ry. This means that the increase or the decrease of these
parameters, will increase or decrease R,. The indexes for parameters &, d,, 7, v, f1,,, H, and
H,, show that increasing their values, will decrease the value of Ry. From these analyses,
it is worth remakable that a higher vaccine efficacy v and the higher prevalence rate =
decreases Ry. Using the parameter values in Table 7, the numerical results displayed in
Figure 2 illustrate the role of v and 7 on the basic reproduction number R, from which
we observe that R, decreases whenever the parameters v and 7 increases. This suggests
that, an optimal control measure could be the combination of the rate of vaccine efficacy
and prevalence rate.

So

4.2. Sensitivity analysis of model’s parameters

We carry out sensitivity analysis to ascertain the uncertainty of the parameters to the model
output. This is vital since it enables us to identify critical output parameters. Sensitivity
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Figure 2: The basic reproduction number R, plotted as function of the vaccine efficacy of
poultry v and Prevalence rate 7.

and uncertainty analysis are performed using the Latin hypercube sampling scheme, a
Monte Carlo stratified sampling method that allows to obtain an unbiased estimate of the
model output for a given set of input parameter value. The parameter space is simultane-
ously sampled is used to compute unbiased estimate of output values for state variables
[54, 55]. We use predefined variation of the model parameters at 10% and 50% relative
to the referential values. Using algorithm from [54, 55], we compute the PRCC of param-
eters against model’s variables S, V,, I,, C, Sy, E), and I;,. We use a sample of size 1000 to
identify relationship between parameters and output variables. A positive (negative) cor-
relation coefficient corresponds to an increasing (decreasing) monotonic trend between
the model’s variable and the parameter under consideration.

Note that one parameter in table 4 and 5 is said "significantly correlate to one state
variable" if absolute value of PRCC is more than 0.5 and p-value less than 0.001

Table 6 present the eight most influential parameters of model system (3). According
to the result obtained in table 6, the parameters A,, 7, d,, 5., ¢,¢, He and p, should sig-
nificantly affect the output. Thus, the sensitivity analysis results suggest that an effective
control strategy would be the implementation of mass vaccination program of the poultry
population on the risks of contact transmission.
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5. Analysis of model with personal protection only

The model is given by
(dS.

j = A;n - (512 + )‘)Spv
jlg = SpA — (0p + pp) I,
Spl SpC
_Ah—l—aEh—i-fth—(l—cq)Tthp] (1—cq)7’eHh C—éhSh,
i Sul e " (38)
CTh 4 hip h _
o (1 cq)Tpth ; + (1 —cq)e T+ C (a+ op + €)E,
dl
jg = €eEy — (v + pn + 6p) 1,
el

where ) is the infection force defined in Equation (2).

5.1. The disease-free equilibrium and its stability

The disease-free equilibrium is E) = (A” 0, ‘;’“ ,0,0,0). Following Van Den Driessche and

Watmough[36], the basic reproduction number of model system (38) is

Ap(BuHeE + BeHyo)
HeHp0,€(6p + 1) '

Ry =
The relevance of the reproduction number is due to the following result established from
[36, Theorem 2].

Theorem 5 The DFE E) is locally asymptotically stable in Q if R’ < 1 and unstable if
Ry > 1.

Herein, we establish the global stability of the equilibria for the continuous system (38).
This is achieved by constructing Lyapunov functions. Then, we have the following results
about the global stability.

Theorem 6 The disease-free equilibrium of model system (38) is globally asymptotically sta-
ble (GAS) in Q if REP < 1.

For the proof of Theorem 6, see Appendix C.

5.2. Endemic equilibrium and its stability

The endemic equilibrium of avian-human personal protectionis £, = (Sy, I, Sy, By, I, C%).
We have A 5
S, = 5p - "= E];p, (39)
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* s . . .
and [, must satisfy the following equation:

by 4 Ty 4y =0 “
where
b, — _M(ép + By + Be),
b = ‘%Ap(ﬁv £ 8.) = O+ 1y) |Ho,+ 2 e?” + Hp§p¢ Hep
- Ap(ﬁnge; Bebty) _ 5 (5, 4 juVHH, = H,H.5,(5, + 1) (R — 1).

Equation (40) has a unique positive solution if R§” > 1 and no positive solution when-
ever R’ < 1. Substituting this solution by its value in (33), we have the positivity and
uniqueness of (32). These investigations are summarized in the following result.

Lemma 2 The model (38) has:

1. a unique endemic equilibrium whenever RE’ > 1;

2. no endemic equilibrium whenever R{’ < 1.

Now, we investigate the stability of the unique endemic equilibrium £ when R > 1. To
do this, we use the method based on Volterra-Lyapunov stable matrices. We have obtained
the following result.

Theorem 7 The positive endemic equilibrium E} of model (38) is globally asymptotically
stable when REY > 1.

The proof of Theorem 7 is given in Appendix D.

5.3. Impact of personal protection

Personal protection is applied in the event of a pandemic (when R{” > 1). Even through
(1 —cq)ApTy (1 — cq)ApTedd
th(sh(‘sp + Np) Hehfshg(ép + Mp)
(1 = cq)ApTy (1 — cq)AnTedp
Hppon(0p + 1p) — Hendn(0p + f1p)
human population. To do so, we find the minimum values of 7, and 7. by using the fact

that R, > 1.

is not the basic reproduction number R{" , we let R, =

, to examine the effect of ¢ and ¢ on the disease in the

(1 —cq)Ap7yp (1 —cq)ApTedd
Ry > 1< > 1or
w Hpndn(6p + 14p) Hen0n€(0p + pip)
Let H_ ;61 (6 H_ 10,600
re = Hot hS\:-HLp) and rc — et hi(h;+ﬂp).

The constraint R,, > 1 defines implicitly two critical values 7, > 77/(1 — ¢q) and 7. >
7¢/(1 — cq) that must be achieved for reduce the infection.
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6. Numerical studies

In this section, we present some numerical simulations to investigate the spread of avian
influenza. The parameters are fixed in the table 7.

6.1. General dynamics

Figure 3 is an illustration of Theorem 3, showing the GAS of disease-free equilibrium Q° of
model system (3) using various initial condition when £ = 2000 (so that R, = 0.9888). All
other parameter values are as in table 7. It illustrates that the disease disappears in host
populations when R, < 1.

4 1000

—2 500 -

1000

Figure 3: Global stability of disease-free equilibrium Q° (Theorem 3).

Figure 4 shows the stability of the endemic equilibrium Q* of model system (3) as
demonstrated in Theorem 4 when ¢ = 1700 (so that Ry = 1.1633). All other parameter
values are as in table 7. Although the stability of the endemic equilibrium have been
established analytically in a neighborhood of Ry = 1, numerical simulation show that the
endemic equilibrium is stable over a wide range of values of Ry > 1.

6.2. Effect of vaccination and personal protection

Now, numerical simulations are carried out to investigated the impact of poultry vacci-
nation and the effet of personal protection on the dynamical transmission of Al within a
human community. In all simulations, models systems (3) and (38) was simulated with
the following initial conditions which has been choosen arbitrarily: S9 = 475960, V,) =
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Figure 4: Stability of endemic equilibrium @Q* (Theorem 4).

244040, I) = 10000, S, = 58500, £} = 1000, I;) = 1000, and C = 110000. Results of numer-
ical simulations are despited in Figure 5, Figure 6 , Figure 7 and Figure 8.

Case 1: Here we numerically investigate the effect of the critical values of = and v
on the Al dynamical transmission model (3). The time evolution of infected individuals
in an outbreak with 55% of vaccine efficacy (v = 0.55) (so that 7¢ = 0.3895) for three
different values of proportion of susceptible population vaccinated 7 : 7 = 0 (so that
Ro = REP = 1.2726), # = 0.3 (so that Ry = 1.0626 and 7 < 7¢) and 7 = 0.5 (so that
Ro = 0.9226 and © > 7°) is depicted in Figure 5. All other parameter values are as in
Table 7. It is evident that a large coverage of vaccination may dramatically decrease the
number of infected individuals. This implies that the condition = > 7¢ is necessary but not
sufficient for the eradication of the disease within a community.

Figure 6 presents the time evolution of infected individuals in an outbreak considering

that 30% of the population of susceptible is vaccinated (i.e. 7 = 0.3) (so that v = 0.7140)
for three different values of the efficacy level: v = 0 (so that Rq = Rf’ = 1.2726), v = 0.5
(so that Ry = 1.0817 and v < v°) and v = 0.8 (so that Ry = 0.9672 and v > v°). All other
parameter values are as in Table 7. It illustrates that the production of vaccine with a high
level of efficacy has a preponderant role in the reduction of the disease spread.
Case 2: Figure 7 illustrates this statement. When 90% of the human population engaged
in personal protection, the population of susceptible humans increases while the popu-
lation of infected humans decreases as ¢ increase. Aside from implamentating personal
protection and ensuring its efficacy, it is also important that the strategy is employed by
a huge percentage of population to be able to effectively decrease the number of infected
humans.
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Figure 5: Infected poultry and human for three different values of proportion of susceptible
poultry population vaccinated 7 when v = 0.55, £ = 2100, ¢ = ¢ = 0 (so that 7¢ = 0.3895).
(a) Infected poultry and (b) infected human. All other parameter values are as in Table 7.

Case 3: Figure 8 shows that by employing non-pharmaceutical interventions (personal
protection), we will only be able to reduce the level of endemicity of the disease in the
human population. So the disease cannot be eradicated. On the other hand, a pharma-
ceutical control strategy (vaccination) will make it possible to eradicate the disease even
if this will take place over time. In conclusion, the pharmaceutical control strategy (vac-
cination) is more effective than personal protection in combating the disease. Shortly, the
combination of these two control strategies will be essential if we want to eradicate the

disease in a shorter time.
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Figure 6: Infected poultry and human for three different values of the efficacy level of
vaccine v when 7 = 0.3, £ = 2100, ¢ = ¢ = 0 (so that »* = 0.7140). (a) Infected poultry
and (b) infected human. All other parameter values are as in Table 7.

7. Conclusion

In this paper, we have formulated a mathematical model for the dynamical transmission of
avian influenza A (H7N9) in which the following factors are incorporated: (i) vaccination
against avian influenza A, (ii) waning of vaccination, (iii) efficacy of vaccine and (iv) the
efficiency of personal protection. A qualitative analysis of the model has been presented.

Our main findings on the long-term dynamics of the system can be summarized as
follows:

(1)

(2)

(3)

We computed the disease-free equilibium and derived the basic reproduction number
R, that determines the outcome of avian influenza A within the community.

We proved that the disease-free equilibrium is globally asymptotically stable when-
ever Ry < 1 on a positively invariant region.

We showed that the model has a unique endemic equilibrium when R, > 1. We also
established the local asymptotic stability of this unique endemic equilibrium when
Ro > 1 but close to 1 and the global asymptotic stability of the endemic equilibrium
when Ry > 1. A way of distributing the vaccines to poultry against avian influenza
A or employing personal protection as well as their features and some of cover-
age thresholds were introduced in oder to study the effect of the vaccine coverage,
vaccine efficacy and the efficiency of personal protection. The main goal of a vacci-
nation program and employment of personal protection is to reduce the prevalence
of the disease and ultimately to eradicate it. It was shown that short-term eradica-
tion succes depends on the type of vaccine as well as on the vaccination coverage,

ENTERPRISE, RESEARCH AND DEVELOPMENT FORUM (EREDEF-2020) 24



L10° c=0.9

2500 6
—0g=0.1
58|
2000
g
- —q=0.9 n 5
@ 2
[%2]
% 1500 = E
E S 541
=} I
o o
o K]
5] = 52
i)
© 1000 Q.
lo) [J]
= [S]
c @
@ sl
500 \/
48
o | | | | | | | | | .5 | 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 0 5000 10000 15000
Time Time

Figure 7: State trajectories of human personal protection model. When ¢ = 2500 and all
other parameter values are as in Table 7.

4)

(5)

percentage of human population employing personal protection and the efficiency of
the personal protection.

The sensitivity analysis of the threshold number R, and of the model has been in-
vestigated. We found that for the threshold number R, an effective control strategy
would be the implementation of mass vaccination program in the poultry population
for the risks of contact transmission of avian influenza to human population. How-
ever, we found that the model variables are most sensitives to the prevalence rate of
the vaccination program, indirect transmission rate in poultry, natural death rate of
poultry, avian influenza induced mortality to poultry, emission rate of virus by poul-
try and degradation rate of virus. Therefore, in an epidemic situation, it is urgent
to sensibilize human population about the risks of transmission of avian influenza A
through contact with poultry or poultry environment and to take on charge vaccina-
tion program (poultry vaccination) and barrier measures for the human population
(personal protection).

Numerical results have been presented to illustrate and validate theoritical results.
Through numerical simulations, we found that the best way to control the transmis-
sion or to fight an avian influenza outbreak is to combine a non-medicinal (personal
protection) and medicinal (vaccination) control strategies.

Acknowledgment

ENTERPRISE, RESEARCH AND DEVELOPMENT FORUM (EREDEF-2020) 25



x
9 T T T T

—With vaccination only where 7>7°, v>.°
—With personal protection only where c =q =0.9

i —With vaccination and personal protection where >7°, v>1°, c=q=0.9

Infected Humans Ih

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Time
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A. Proof of the condition a(A,) < 0 & Ry < 1.

Herein, we show that the condition a(ZQ) < 0 is equivalent to Ry < 1. To check condition
Hj of Theorem from Kamgang and Sallet [59], we will use the following Lemma:

A B
C D
A and D are square matrices. Then the matrix M is Metzler stable if and only if matrices A
and D — CA~'B are Metzler stable.

The matrix A, can be expressed in the form of the matrix M with

Bo [SO+ (1 —v)VY]

Lemma 3 Let M be a square Metzler matrix written in block form M = . where

Be [SD+ (1 —v)VP)

- (510 + Np) 0 0
4 Hﬁ—_ D g0 —(a+ €+ bp) o 0 —(1_%7650
th . ¢ ‘ " Heh .
C— 0 € and D — —(’7+Mh+(5h) 0
¢ 0 0 —£
The matrix A is Metzler stable if and only if Ry < 1. Indeed
By [S2+ (1 —v)V? Bed
[p H p}_(6P+Up):(5p+ﬂp)(7zo_1>_Hg[Sg(o]+(1_ )V;)O}
p e
A simple calculation yields
e 1-— -
D CAB —(’}/ + 0y + ,Uh) _ﬁfff [Sg + (1 — 1/)‘/1'00} a9l — %Sﬁam
- 0 Bed 160 1 (1 — yypo ’
_f_He[p+( —v) p}all
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where

(a + €+ dp) (1= cq)7,Sh B [SS +(0- V)Vpo} — Hp(dp + )

N P H,j, det A ) 422 = H,det A ’

Bu(a + €+ dp) [Sg +(1- V)VO]

det A = — i P2+ (a4 e+ 61)(0p + pp).
p
The matrix D — CA~'B is Metzler stable if and only if
Bed [Sy + (1 = )1
H,
£— - >0
By [SY + (1 —v)V?
(Gp + p1p) — [p H, p}
That is,
e 1_ VO v S0—|— 1— VO
B9[Sy I; A I h([ Wl or<
€ p

B. Proof of Theorem 4

Proof. To apply this theory, we first rename the state variables. Let z; = S,, 20 = V},, 25 =
I, 24 = Sp, 25 = Ep, 26 = I}, and z; = C so that N, = 21 + 25+ 23, N}, = 24 + 25 + 2. Further,
by using the vector notation z = (21, 2y, 23, 24, 25, 26, 27) ., the Avian influenza model (3)
can be written in the form z = f(z), with f = (fi, fo, f3, f1, f5, f6, f7)" as follows:

( leflz(]_—ﬂ)Ap—[A—l—(sp]Zl,
22:f2 :7TAp— [(1—V))\+(Sp] 22,

= f3 =\ [21 + (1 — V)ZQ] — (5p + ,Up)Zg,
ZART

Z4%3
ts=fa=Ay+az+vz— (1 —cq)rp—— — (1 — cQ)Te—— — Op24,
1= J4 h 5 Vzﬁz ( q) pth+§32 ( q) Ho, + 2 hZ4 (41)
4723 427
5= fs=(1—cq)rp——"—4+ (1 —cq)Te——— — (a+ 9, + €) 25,
5= o= (1= ety (L= e = (a6, + 9

T = fo = €25 — (7 + pp + 0p) 26,

[ L7 = f71= ¢z — &ar.

System (41) has a DFE given by Q° = (S, V.0, S}, 0,0,0). The Jacobian of system (41) at
the DFE, is the same as for the one in proof of Theorem 2. The basic reproduction number
of the transformed (linearized) model system (41) is the same as that of the original model
3).

Let 0. > 0 be the non-negative real numbers such that 5. = 0.5, , then the basic repro-
duction number R, becomes

BeHLE + BepHyo
H.H,0.8(0, + 1)

Ro = [Sp)+ (1 —v)V)].
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Therefore, choosing /. as a bifurcation parameter, by solving for 5. when Ry = 1, we
obtain:

H.H,0.£(0, + 1)
(HE+ 0H,00) [S9+ (1 n)Ve]

It follows that the Jacobian (J|go) of system (41) at the DFE Q°, with 3. = 37, denoted by
J|s: has a simple zero eigenvalue (with all other eigenvalues having negative real parts).
Hence, the Centre Manifold theory [50] can be used to analyze the dynamics of system
(41). In particular, [50, Theorem 4.1], will be used to show that, when R, > 1, there
exists a unique endemic equilibrium of system (41) (as shown in Lemma 1) which is
locally asymptotically stable for Ry near 1, under certain conditions. In order to apply the
above theorem, the following computations are necessary (it should be noted that we are
using 3 as the bifurcation parameter, in place of ¢ [50, Theorem 4.1]).
Eigenvectors of .J|3.: The right eigenvector corresponding to the zero eigenvalue is:

@Iﬁjz

_ T
u = (U17U2,U3,U4>U57U6,U7) .

By solving the system

(

* /8*

e 0 e Q0 _
—0pUy — o SpU3 - Spw =0,

pYe

H,
1-— * 1— *
( Hz_)ﬁe‘/;;OUS_ ( Hy)ﬁev;)ou7:0’
p~-e e
B

—<— [SO+ (1 = v)VO2] = (6 + p1p) ug + (S0 + (1 =)V ur =0,
1 —¢q)1.S9
—H—phhus — Opuy + aus + yus — %

(1 —cq)7e Sy
th us (a —+ €+ h)U5 -+ Heh Uy R
eus — (v + 0n + pn)ug = 0,

| puz — §ur =0,

— by —

U7:07

yields

U,7:—U,3,U3:U,3>O,U4:—

§ On

(1—cq)Sp { T Ted

+ Uz , Ug =
a+e—|—5h th Heh€:| 3 6 (

1—v)3VY 1
( )5ep|: +¢1U37U2: +
op Hy,o. H op | Hpoe HE
Similarly, the components of the left eigenvectors (corresponding to the zero eigenvalue),

denoted by

(1 —cq)Sy) [ Tp T ] [ e ]
+ + =+ us,
Hy,  Hen On  On(y + 0n + ) °

(1 — cq)S)) l T N Ted } "
a+e+0n)(y+0n+ ) [ Hon  HeE]

BES) { 1 ¢ ]
- us.

Uy =

Uy = —

U= (U1,UQ,U3704705,U6,U7)7
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is obtained by solving the system

Ifae[so (L =)V = (0, + 1) | v3 +
v =vy =v4 =0,

§ —(a+ e+ 0p)vs + €vg =0,

—(’Y + (Sh + uh)vf; = O,

(1 = ¢q)7,S})
Hpp,

Vs +¢U7_O

B (1 — cq)7eSY
_GSO+ 1—I/VO'U+—h’U—’U:0.
\He[p ( )p] ’ Heh ° 57
Hence,
H.§
v1=0, vz = v7,v4=0,v5=0,v5=0, vy =v7 >0.

B89+ (1 = v)VP]

Computation of a: For system (41), the corresponding non-zero partial derivatives of
fi (i=1,2,3,4,5,6,7) calculated at the disease free equilibrium are given by:

0 fs e *fs o B
6 ~ i BtV Gy = 2 S+ (-],
e _ B e _ B 0 f3 _ A=) Py (1— V)ﬁ*
0x10xs  Hpo ' O0r10r; H, 02013 H,o ' 0Ox90x7; H,
Consequently, we calculate the associated bifurcation coefficient a
7 ka 0
a = Zkij 1 Ukt o e 0 (@°),
_ 2P fs 0 fs 0 fs *fs *fs *fs
- ( gz T TRy i B e T R G o

Computation of b: For system (41), the corresponding non-zero partial derivatives of
fi,(i=1,2,3,4,5,6,7) calculated at the disease free equilibrium are given by:

0 fs 1 0*fs
P00~ oo [S?+ (1 —v)V;] and Drn0F He [Sp+ (1 =)V,
We compute the associated bifurcation coefficient b

0?f,

_ 7 , k 0
H.§ 1 ¢

N g 190 (=W g [ (V] o,
o HL ] 1 ¢
N erae ! Heii s = 0

Thus, the bifurcation coefficient a is always negative. Furthermore, the bifurcation coeffi-
cient b is always positive. Hence, it follows from [50, Theorem 4.1], that model (41) does
undergo the transcritical forward bifurcation at Rp = 1. =
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C. Proof of Theorem 6

Proof. We use the Lyapunov function approach. Define

Then,

dL
dt

dL
.  —

IN

Finally,

L(Sp7 [pa Sh7 Eh) Ih: C) =

Op + Hp 5(51) + Np)

! + ¢ } L(t) + 1C'(t).

1 N ¢ 4l L! 1dC
=5p"’1‘ﬂp f(‘sp;’ﬂp) ﬁ5§ dt 5.5,0
+ - + = by + } oI, — £C
i €| [yl ~ Gyt | + gl )
+ vpip erp ] —I,-C,
[0y + 4 §(pp p) | |Hy+1, H.+C P
RE'H,  R{H. BeoH, H.j, ] {&Splp &SpC} e
| BoSY T B.S)  HLB(Sp i) BeHy(0p+ )] |Hy+1,  Ho+CJ 7
Direct calculations lead to
R H, i Ry He BepH, H.j, } {BvSpIp BeSpC }
3,59 BeSY He&By(0p + piyp)  BeH, (8, + )| |Hy + 1,  H,+C
ﬁeczﬁSOI H.B2S)1, B2oH, SOC 3,S)C _ HBRYI,
Hef((sp];; fip) Hgﬁe(ép +pp)  HZEB(6p + 1p)  Hyp(6p + pp) H,pBe
——H”%g(’ ©_ I, — C =R+ R, — RYC + RYC,
N RppH I, H.R?B,, s
pp v P
(Ro" =)L+ C) = { H+[} 3,59 {H H,+1,
N B.0H,I, { Sp } H.A%I, {Sﬂ S, ]
H, 5(5 + Mp) H, Hp + 1 pﬁe 5 + “p) H, H,+1,
HB.RYC [S) Sy ] HRYC S,
BUSO H H +C’ SO H H +C
B3¢HPC SO :| + eﬁ’u |:S_1(’) _ SP 1
Ho£Bu (0, + pp) | He He + Cl] Hy(0p+p) |He H.+CJ
dL €+ @)(S) —Sp) lﬁ I BC}
— REP —1)(I, + C) — P vp y P |
dt  — (R )T +C) (6, + 11p) HP+H6

dL
Since S, < Sg, we have = < 0, whenever R} < 1.

Moreover,

Thus, the largest invariant set 7 such that H C {(S),
is {Egp} because in H one has lim,_, o, ,,(t) = lim;_,,~, C(t) = 0. In system (38), we obtain

L
dt

=0, ,=C=0o0rS,=5)and Rf’ = 1.
]p,Sh,Eh7Ih,O) S Ri/dL/dt = 0}
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limy s oo Sp(t) = SP,limy 00 Sh(t) = Sp,limyq o0 Ex(t) = limy, o0 In(t) = 0. By LaSalle’s
Invariance Principle [37], {E)} is globally asymptotically stable. The proof is complete.
n

D. Proof of Theorem 7

Proof. As for the proof of the GAS of the endemic equilibrium £ , one should notice that,
since the poultry sub-model is independent of the human population variables (S}, Ey, I1,),
system (38) takes the triangular form

B bw), w=(5,.1,,0),

9 (42)
i 9(z,y),  y = (Sh En, In).

t
In order to deal with the global asymptotic stability of the unique endemic equilibrium
stated in Theorem 11, the following three results are instrumental.

Theorem 8 (Vidyagasar [46])
Consider a C* class system with an equilibrium point (z*; y*).

_t = f(w)a
d_?i =g(x,y), z € R"yeR™, (43)

f(z*) =0,9(z",y*) = 0.

If x* is GAS in R" for system dx/dt = f(z), and if y* is GAS in R™, for system dy/dt =
g(x*;y), then equilibrium point (z*;y*) is (locally) asymptotically stable for system (43).
Moreover; if all the trajectories of (43) are positively bounded , then (x*;y*) is GAS for (43).

Theorem 9 Let H be a 2 x 2 matrix [44, 45]. Then

ail Az
H = ,
G21 QA22

is Volterra-Lyapunov stable if and only if a1 < 0, a2 < 0, and ajjass — ajsas > 0.

Theorem 10 Let H be a non-singular n x n matrix, where n > 2, with inverse H ! = K
and W a positive diagonal n x n matrix [35]. Let H*, K*, and W* denote the (n — 1) x (n —
1) matrices obtained from H, K, and W, respectively, by deleting the last row and the last
column. Then

(D) if WH + (WH)T > 0, we must have a,, > 0, W*H* + (W*H*)T > 0, and W*K* +
(W*K*)T > 0;
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(i) if an, > 0,W*H* + (W*H*)T > 0, and W*K* + (W*K*)T > 0, it is possible to choose
wy, > 0 such that WH + (WH)T > 0.

Following, Theorem 8, we first study the GAS of the endemic equilibrium z* of the poultry

system:
(dS, I, C

) a T, T e T
x _ ) di, I,
a_f(x>: dt 511 pH —|—I +Be pH +C (5p+lup)[p7 (44)
dC
— I —
o = = &0

Now, we claim the following result.

Theorem 11 The unique positive endemic equilibrium point x* = (S’ . I

44) 1is pp? 70*) of the S‘)/Stem
(0} totic t R D p’ ~pp

Consider the following domain as a result of a nondimensionalized system (44)

A A,
le{(sp,fp,c)eﬂzai/ws +I,<-2 C< o8y }
517 PS

Next, construct the Lyapunov function
V =wi(S, — Sp) +wa(l, — ) + ws(C — C*)?, (45)

with w; > 0,wy > 0 and w3 > 0. Note that for the endemic equilibrium z* , we have the
following three equations for the nondimensionalized system:

I, C* .
S + I S e O =0 (462)
I* C* .
PuS,, PPH + ]* + 55, ppH + O (510 + :up)lpp =0, (46b)
oL, —£C" = 0. (46¢)
Using (46a)-(46c), we obtain
dv _ * 5@517] ﬁeS C 61,5;1)];1) 6@5* O* "
i 2 Spp){_HpH ARG A TR T TS +C Oy

D
é polpp _ SPC
H,+ 1, He+ C*

BuSply | PeSpC
H,+1, H.+C

+2uw3(C — CF) {wp —£C — oI%, + £C*|.

+2wy (1, — I* ) { — (0p + pp) I, — + (6, + :up)];p}
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The gatherings of some terms give

awv. Bulyp BeSpC . \2
i 2wy (Hp s + H+C + 0y ) (Sp — Spp)
—2w; L (Sp - S;p) (IP - ];p)

(i, 7+ 1)(H, 7 1)
) Hebedy (o g0 y(0 - 09)
w1 (H, + CB(HE + C*)< P e
: 6+ m) (I, ~ I:)?

H,S*
+QWQ( P pp "
(Hy + L) (Hy + 1)

I, C . ,
+20n (B + Ao ) U= ) (S, 53

HeﬁeS;P * *
+2ws (.7 O)(H, + C*)(Ip — I )(C—C)

+2w30(C — C*) (I, — I%,)) — 2ws(C' — C%)2,

= UWH+ H™W)UT,

where U =[S, — S}

pp’

I, —I.C—C*,W = diag(w;, w2, ws) and

pp’

_ B, BC o BILS, _ HAS,
H,+1, H.+C 7 (Hp + 1p)(H, + I,) (He + C)(He + C)
H= /BUIP + /860 ﬁvaS;p . (5 + ) HeﬁeS;p
Hy+1, H+C  (Hy+L)H,+1I,) » " (H,+C)H +C)
0 ¢ -
(47)

The global asymptotic stability of x* will be established if we can show that the matrix
H defined in (47) is Volterra-Lyapunov stable [35]; that is, a positive diagonal matrix W
exists such that W H + HTW is negative definite.

From (47), one can see that H is non-singular because

5pH656¢S;p 5pﬁv§5pS;p
(He + C)(He + C*)  (Hp + 1p)(Hp + 1)

]p
{@+W(mm+@+&m+c

det H =

5).

. 5p/86¢5;;p0 . 5p5USS;p[p
(He+C*)(H. +C)  (Hp+1,)(H, + I,
_( ﬁvgs;;p + ﬁ@¢S;p )( ﬁvIp + BC ) <0
H,+1Ix, ~ H.+C*)\H,+1, H.+C '
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Moreover,

[ (517 + Mp)HeﬁeS;p
hiy hia -
(H, + C*)(H, + C)
1 5, H,B.5*
gl — . pi-efepp
det Il fan han (H.+C)(H. + C) |
Buol, BepC Buol, BepC
| H,+ I, H.iC 5p¢+Hp+Ip+He+c fas |
where,
B.€5,, H.3.¢S}
hll = 5(5;0 + ,up) - = 0\ * LP ’
(Hp + L) (Hy + 1) (He+C*)(He +C)
i B HES;, H.B.6S},
12 — - - )
(Hy +1,)(Hy + I}y)  (He+C*)(He +C)
B, BLC
hn = o+ H.1C
v [ e C

H,+1, H,+C’

B /B,Ué-_[p /BeC 5pﬁvaS;p
hss = ((Sp + ,up) <Hp n [p + o +C + 5p((5p + ,Up) (Hp + [p)(Hp + ];p).

Using the fact that det H < 0, and the relations that link the endemic equilibrium com-
ponent, one can readily verify the hypotheses of Theorem 9 for the matrix (H~')* and
conclude that it is Volterra-Lyapunov stable. Hence, a 2 x 2 positive diagonal matrix
W* = diag(w;,ws) exists such that W*(H~')* + (W*(H')*)T < 0. Setting O = (—H)™",
we have W*O* + (W*0O*)T > 0. After lenghty but direct calculations, we obtain

(— det H)[W*O* + (W*0")T] = { i ] :

Q12 A22
with
11 = 2001]111; a12 = wohgy — w1h12, agy = 2wahags.
On the other hand,
* * * T bll b12 .
W*(-H) "+ (W*(-H)")" = ,  with
b1z bay
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Bol, Be.C
by = 2w (6
u “1(”+H +Ip+H6+C ’
by o DIhS, (s )
2 I(HP+IP)<HP+I;p% 2* HP+IP He+0 ,
byy = 2ol 8, + 1, — v PTpp )
& “’2(” M, + 1) (H, + I,)

Next, we prove that W*(—H)* + (W*(—H)*)T > 0. Indeed, since W*O* + (W*O*)T is
positive definite and — det H > 0, we have det {(— det H)[W*O* + (W*0*)"]} > 0 and

det{(—detH)[W*O*+(W*O*)T]} = §2det{W*(—H)*+(W*(—H)*)T}

—4&)1&)2 5P£Heﬁe¢S;p B (,d2 |: H8/88¢S;p :| 2
(He+C)(He+C*) "'[(He+ C)(H. 4 C*)
5 H.£Be0S,, { Bl B.C }
—zW1W9
(H.+C)(H.+C*) |H,+1, H.+C
oy HyH.(,6B.6S},”

(Hp + 1) (Hy + 1) (He + C) (He + C*)

Hence, the matrix W*(—H)*+(W*(—H)*)T is positive define. W*(—H)*+(W*(—H)*)T >0
and W*(—H1)* + (W*(—=H~Y*)T > 0, then thanks to Theorem 10 (4i), there exists w3 > 0
such that W (—H)+ (W (—H))T > 0; thatis, WH+ H*W < 0. Thus H is Volterra-Lyapunov
stable. Hence a feasible equilibrium z* is globally asymptotically stable in 2;. =

Next, we investigate the dynamics of the human sub-system:

(dS, Spl* S, C*
Bh A+ aBp 4+ Iy — (1= cq)ry—l"P2 (1~ cq)r, — 58
Y . dE), Spl* S,C*
— =gz*y) =< =0 (1 — — PP 41— ————— — E
0 g(x™;y) o ( cq)Tpth+[;p~l—( cq)T, o4 C (a+ 6y +€)Ep,
dl
d—h = eEp — (v + ptn + 0n) In.
. dt
(48)

Theorem 12 The unique positive endemic equilibrium point y* = (S}, Ef, I};) of the system
(48) is globally asymptotically stable if RE" > 1.

Proof. We introduce the fractions x = 6,5,/An,y = pEn/Ay, 2z = 0,1,/ Ay and scale time
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by introducing a new time 7 = d,t. This gives us the simplified system as:

( dx I C*
— =l4ay+7z2—(1—cq) |Tpor +Te—— | T —
- +ay+75z— ( cq) |:TpHp+];p+T He+C’*]I x,
dy I *
— == T 47— |z—(1+a+E (49)
ar =~ 17 [T”Hp+lgp+7 He+0*}x (L+a+e)y,
dz
— — £ — 1 77 ~
where a i i . . N
— — P — e — — h — T
- = = 6__7 :—7 :—7 :—’N:
a 5h77_p 5h77_ i € 5h /J’h 5h Fy 5h 1‘+y+2
Here, we have used the fact that
dN —
ar TN

It can be shown that the region
Oy = {(z,,2) eR}/0<z+y+2<1},

is positively invariant. Now, consider the equivalent system:

(dy I C*

-J 1_ = pp _e _ 1 - =

= (1—cq) TpHp+[;p+THe+C* r—(1+a+ey,

dz  _ L

i ey — (1 + 71, +7)z, (50)
dN —

L1 N7,
\ drt

Denote
Qs ={(y,2,N) € Q/N =1-T,z} ={(y,2,N) € W/a+y+ (1+7,)z=1}.

Then it not difficult to prove that (3 is a positively invariant and attracting subset of
;. Next we use the Poincaré-Bendixson techniques to prove that system (48) has no
periodic solution. Let us assume that the system (48) has a periodic solution (1) =
{z(7),y(7),2(7)}. Let ¢(7) be the trajectory of periodic solution, and II be the planar
region of ¢ (7). Let fi(x,y,z), fo(z,y,2) and f5(z,y, 2) respectively represent the three
expressions of the right-hand side of the system (49). Set f = (fy, fo, f3)7, g(z,y,2) =
r x f/(zyz), where r = (z,y,2)" . Then g-f =0, let g = (g1, g2, g3), where

_ f3($’z) . f2($ay) go = f1($ay) . fg(y,Z) g3 = fQ(yvz) - fl(xvz)

g1 y 92 y 93 .
Tz Ty Ty Yz Yz Tz

Then
Curg —( 29 292 991995 992 09
oy 0z 0z 9Oz’ Oxr Oy)
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By simple calculations, we have

(1 ){ b _ 7 }
—cq) |T Te
filzy) 1 a Al—az—y) U5, HA 0]
Ty vy x (1+7,)ry y ’
(1 ){ Loy +7 ¢ }
cq) |T .
1z, 2z 1 all—x—(1+7a,z 7 1 "H,+I* H, +C* 1
_ + h + pp
xz xz ) Ly é;* i z z’
1—cq) |7 PP 7, l—y—01475w)z
f2<y,Z) B ( Q) I pHp+I;p He+0*_ [ Yy ( luh) ] 1+a+€
Yz Yz z
_ I* o
1—cq)|T PP + Te
folz,y) ( q>_pHp+f;p He+C*] 1+a+e
Ty N Y x ’
f3(y,2) _ € 1+5y+m,
z z y ’
f3(y$7z) _ l—a—(1+m) 1+7+m,
xz xz x ’

Now, since = + y + (1 + f,)z = 1, it is clear that —[1 — (1 + 71,,)2] = —(z + y) < 0, so that

I C*
L—cq) |Tpr7 + 7 } 1—(1+7m,)2
dgs 0dga € (1-cq) "Hy,+ I, HG+C*[ ( “h>]<0
oy 0z 22 y2z :
Further, we have
o _m _ dl-m) 1 _al-(im)d 7y
0z ox 22 22 122 22’
(1 ){‘ w5 O
—C Tp—F Te
99 09 _ 1 @ Al-y Va1, H O
Ox  dy w?y - a? o (L)% y? '

Obviously, the right hand sides in the two expressions above are negative. Taking the unit
normal vector of (25
(17 17 1 + ﬁh)T
17 + 201, + 3
we obtain (Curlg) - n < 0. By the Poincaré-Bendixson theorem, we know that the system
(48) has no periodic solution. Thus, the equilibrium 3* is GAS in 2,.

Finally, the combination of Theorem 8, Theorem 11 and Theorem 12 establishes the
GASof £, =
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Table 1: Description of the variables and associated parameters.

Symbols | Description
Sp Susceptible poultry
V, Vacinated poultry
I, Infected poultry
Sh Susceptible human
Ey Latent human
I, Infected human
C Concentration of virus
A, Numbers of imported poultry
Bo Direct contact rate in poultry host
Be Indirect contact rate in poultry host
op Natural death rate of poultry
c Percentage of the population employing personal protection
q Efficiency of personal protection
H, Half-saturation constant for poultry with Al virus
H, Half-saturation constant for aerosol with Al virus
Hyp Half-saturation constant for humans with Al virus contracted from infected poultry
H,, Half-saturation constant for humans with Al virus contracted from infected aerosol
Ay, Recruitment rate of humans
a Recovery rate of the latent humans
0l Recovery rate of the infected humans
Lbh Disease-related death rate for humans
T Rate at which poultry-to-human avian influenza is contracted
€ Morbidity of the latent humans
op, Natural death rate of humans
13 Degradation rate of virus
Te Rate at which environment-to-human avian influenza is contracted
0] Emission rate of virus by poultry
™ Prevalence rate of the vaccination program
v Vaccine efficacy
Uy Al induced poultry mortality
Table 2: Sensitivity indexes for R.
Parameter Sensitivity index Value Parameter Sensitivity index Value
B Sg, 8.7605-10° T Sr -1.2929-10%
Be S5, 1.1356-1016 v S, -1.2929-10%
A, Sh, 1 1 Sy, -7.9319-102
o Se 1.1356-101¢ H, S, -8.7605-10°
13 Se -1.1356-10 H, Su., -1.1356-10
9y Ss, -2.4940-10%
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Table 3: Parameter ranges for PRCC analysis.

Parameters values Range variation at 10% Range variation at 50%

A, 10000 [9000 — 11000] [5000 — 15000]

Ay, 15 [13.5 - 16.5] [7.5 — 22.5]

T 0.40 [0.36 — 0.44] [0.2 — 0.6]

op 0.01389 [0.0125 — 0.0153] [6.95-1073 — 0.021]
On 0.00025641 [2.31-107%-2.82-107%] [1.28:10~*-3.85-107%]
Hyp 120000 [108000 — 132000] [60000 — 180000]
H,, 10000 [9000 - 11000] [5000 — 15000]

v 0.65 [0.585 — 0.715] [0.325 — 0.975]

Be 0.002 [1.8:1073 - 2.2:1072] [0.001 - 0.003]

By 1.7143-10% [1.54-1075-1.89-107%] [8.57-1077 - 2.57-107¢]
H, 180000 [162000 — 198000] [90000 — 270000]
H, 106 [9-10° — 11-107] [5-10° — 15-10%]

L 0.04 [0.036 — 0.044] [0.02 - 0.06]

i 0.001 [9-107* - 1.1-1073] [5-107* - 1.5-107]

0] 10° [9000 — 11000] [50000 — 150000]
Tp 0.6 [0.54 - 0.66] [0.3 -0.9]

Te 0.1 [0.09 - 0.11] [0.05-0.15]

a 1 [0.9-1.1] [0.5-1.5]

1 2000 [1800 — 2200] [1000 - 3000]

vy 0.9 [0.81 - 0.99] [0.45 - 1.35]

€ 1 [0.9-1.1] [0.5-1.5]

dummy 1 — —
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Table 4: PRCC of model’s parameters (Range variation at 10%).

PRCCs and significance

Parameters Sp Vp I, C Sh Ey I,
A, 0.9568"  0.95717  0.86137 -0.7837~ 0.8244~ 0.8196~ 0.8875"
Ap -0.0044 0.0486 -0.0180 0.7633" 0.1658" 0.1998"  -0.0218
T -0.8910”  0.9615™  -0.4592"" 0.3496" -0.4179" -0.4165" -0.5023 "
5y -0.9529”  -0.9558"  -0.9012 0.8257" -0.8604" -0.8650" -0.9166"
o -0.0598 -0.0148 0.0185 -0.3984" -0.0902° -0.0496  -0.0231
H,, -0.0115 -0.0270 -0.0144  0.0427  -0.0107 -0.0316  -0.0647
H,, -0.0085 -0.0108 0.0543 0.0433  -0.1076" -0.0177 0.0288
% 0.1276™ 0.0237 -0.4559"" 0.3827"" -0.4175" -0.3480" -0.5226"
B, -0.3385""  -0.1178" 0.8576" -0.7673"" 0.8125" 0.8223"  0.8863"
By 0.0227 -0.0055 -0.0260 -0.0110  0.0374 0.0134 -0.0019
H, 0.0076 0.0166 -0.0439  -0.0411 0.0654  -0.0427  -0.0005
H, 0.3070" 0.0545 -0.8603""  0.7699"" -0.8147"" -0.8178" -0.8841"
14 0.2575"  0.1233"  -0.7881" 0.6818™ -0.7344" -0.7183" -0.8233"
Lin -0.0058 -0.0163 -0.0018  -0.0424  -0.0673 0.0353 0.0425
o -0.3268  -0.1088"  0.8508" -0.7777" 0.8164™ 0.8229"  0.8882"
™ -0.0067 -0.0058 0.0367  0.0057  0.0525 0.0157 0.0471
' 0.0050 0.0057 0.0002 -0.1978" 0.2247" 0.2747"  -0.0260
a 0.0328 0.0086 0.0392 0.1334" -0.0668 -0.1878 "  0.0318
3 0.2856  0.1339"  -0.8589" 0.7799" -0.8177" -0.8170" -0.8867""
v 0.0543 -0.0080 0.0330 0.1876™ 0.0361 -0.3127"  -0.0287
€ 0.0466 -0.0344 0.0289  -0.1201" -0.1723" 0.1859"  -0.0155

dummy 0.0320 0.0054 -0.0106  -0.0352  -0.0313 0.0018 0.0222

": p-value < 0.01, *": p-value < 0.001.
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Table 5: PRCC of model’s parameters (Range variation at 50%).

PRCCs and significance

Parameters Sp Vy I, C Sh Ey, I,
A, 0.9676™  0.95617  0.86297 -0.6300" 0.7096" 0.64907 0.8576
Ay, 0.0112 -0.0034 0.0055 0.8874™ 0.3523"° 0.3370”  0.0303
77 -0.8536™  0.9595"  -0.2348" 0.1304" -0.1714" -0.1900" -0.1955""
5y -0.9628  -0.9535 " -0.9104" 0.7137" -0.7810" -0.7433" -0.9026"
o -0.0207 0.0311 0.0549 -0.5294" -0.1849" -0.1252"  0.0321
Hp, 0.0097 0.0215 0.0324 0.1981" -0.2619 -0.1561"" -0.0082
H,, 0.0342 0.0096 0.0186 0.0081  -0.0044  0.0012 0.0296
v 0.0011 0.1363""  -0.3133"" 0.1204™ -0.1759"° -0.1218 " -0.2785™
B, -0.3523"  -0.1684"  0.8575" -0.6362"° 0.6991"  0.6293"  0.8479"
By -0.0018 -0.0116 0.0435  -0.0212 -0.0612  0.0282 0.0319
H, 0.0139 -0.0314 0.0111 0.0002 0.0419 -0.0106  0.0140
H, 0.2435"  0.1114™ -0.7613"" 0.5405" -0.5698" -0.5366"" -0.7468"
14 0.1671"  0.0774  -0.7944" 0.4905" -0.6226" -0.5699" -0.7962"
L 0.0035 -0.0128 0.0199 -0.1273" -0.0325 -0.0366  -0.0114
o -0.2273”  -0.10777° 0.7568" -0.5662"" 0.6296™ 0.5802" 0.8578"
™ 0.0024 0.0493 -0.0240  -0.2690 0.3096 0.2361"°  -0.0020
T, 0.0230 -0.0311 0.0173 -0.3918" 0.4711" 0.3429" -0.0214
a -0.0269 -0.0686 -0.0030  0.3049" -0.4066™ -0.3143" -0.0189
3 0.2755" 0.0840  -0.7641" 0.5393™ -0.5999" -0.5688" -0.8588""
v -0.0068 0.0036 0.0049  0.3469" 0.1410° -0.5831""  0.0072
€ -0.0042 -0.0536 -0.0027 -0.1090"" -0.4621" 0.3347"  0.0444
dummy 0.0021 -0.0190 -0.0262  -0.0342  0.0693 -0.0139  0.0141

™ p-value < 0.001, : p-value < 0.01.

Table 6: The eight most influential parameters of model system (3).

Number of state variables significantly correlate

Parameters

Range 10%
7

(92 92 BN, BN T2 BNT2 BN EROV)

Range 50%
7

(92 002 BNO2 BNT2 BNT2 BN I \S)

Total
14
5
14
10
10
10
10
10
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Table 7: Parameters and baseline values.

Symbols | Estimate for AIV | Source | Symbols | Estimate for AIV Source
A, 10000 ind Assumed 13 2000 week* Assumed
B 1.71 - 10 Sweek ™1 [34] To 0.1 week™! Assumed
Be 0.002 week™! | Assumed ¢ 10°g - m3 - ind™' - week™! | Assumed
&p 1/72 week™! [32] T 0.40 week ! Assumed
H, 180000 ind [39] c 0.9 Assumed
Ay, 15 ind Assumed q 0.9 Assumed
a 1 week™! [34] v 0.65 Assumed
y 0.9 week™! [34] Hpp 120000 ind [39]
i 0.001 week™! [26] H,, 10000 ind Assumed
Tp 0.6 week ! [26] on 0.00025641 week ™! [32]
€ 1 week™! [26] H, 108g.m? [26]
L 1/25 week™! | Assumed
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